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B mocobun mpuBeneHbl BapuaHTHI 33JaHU KOHTPOJIBHOW paboThl Ne 2 mins
CTYJEHTOB 3a04HON (hopMbl 00ydeHuUsl (OJHBIA KypC) IO TEMaM, COOTBETCTBYIOLIHUE
0a30BOMYy YPOBHIO M3yuY€HHUs AMCLUMIUIMHBI «BpIclias MaTremMaTHKa» BO BTOPOM
cemecTpe, c(popMyaMpOBaHbl METOJUYECKHE PEKOMEHIALUU MO HUX BBIIOJIHEHHIO.
PaccmoTpenbl Takke oOpasipl pelleHUs BCeX 3aJaHUN U KpaTKUE TEOPETHYECKHE
CBEJICHUS, UCII0JIb3YEMBIE B 3TUX PELICHUSAX



OI'/TABJIEHHE

12323 311 3) & 10 2RO 4
METOJIMYECKHUE YKA3AHMA U 3AJTAHUSA JIJI1 KOHTPOJIBHOM PABOTBI
) 1T 5
OBPA3EL] BBIIIOJHEHUSI U O®OPMJIEHUSI 3AJAHWH BAPHUAHTA
KOHTPOJIBHOM PABOTBI N2 ...ttt assstsnessenessesseness s seneesneas 7
KOHCITEKT JIEKLIHI ........coivieeeeeeeeeeeeeeeeee et s et n e 17
IIEPEYUEHb TEOPETHMYECKMWX BOIIPOCOB I TIOJAIOTOBKM K
) 2N 123 1/ 38
CIHUCOK UHOOPMAILIUOHHBIX PECYPCOB.......coiviieeeieeeeeeees s 39
MHTEPHET-UCTOUHMK ........c.ooviveieeeeeeieieeeeesesesiesiesiesessessesss s sessesses s 40



BBEJAEHUE

VYyebHOo-MeToAMueCcKOe T0COOUEe COACPKUT UHJIMBHUAYaAIbHbIE 33a/laHUs KOHTPOJIHLHOM
paboThI 10 JUCHUIUIMHE «BpIcias MaTemMaTrka JUisl CTy/I€HTOB 3a04HOM (pOpMbI 00yUYeHUs
BO BTOPOM CEMECTpe MpH MOJHOM Kypce. Temarnka 3ajaHuil KOHTPOJIBHOWU paboThl No2
OXBAThIBAET CJECAYIOIIME TEMbI MCUUIUIMHBI: HEONPEACIICHHbIH UHTETrpaj, ONpeneleHHbIHI
UHTErpaj, ero NpUJIOKEHHs, OOBIKHOBEHHbIC Au(depeHIIuaNbHbIe YpPaBHEHUS, PSIbI,
AJIEMEHTHI TEOPUH BEPOSITHOCTEN.

Kaxxaplii BapuaHT KOHTpOJBHOM paboThl BiouaeT 14 3amanwmii. IlpaBuno BeiOOpa
BapuaHTa C(POPMYJIUPOBAHO B COOTBETCTBUU C HOMEPOM 3a4€THON KHIDKKH CTYACHTA. ITO
MIPaBUJIO IPUBEJICHO TIEPE]] 3aIaHUSIMUA KOHTPOJIBHOM pabOTHI.

B mocobum mnpencTaBieHbl OCHOBHBIC TEOPETUUYECKUMHU TOJOKEHUS UM TOHSATHUS
(KOHCIIEKT JIEKIUI), COOTBETCTBYIOIIME OA30BOMY YPOBHIO M3YUCHHUS TUCHUILUIUHBI TIO TEMaM,
BKJIFOUEHHBIM B 33/IaHUsI KOHTPOJIBHOM paboThl Ne2, nmoapoOHoe pelieHue u opopmiieHne Bcex
3aJlaHUii KOHTPOJIbHOM PabOTHI.

Bb16op TemMaTHKK OCYIIECTBIISICA HAa OCHOBE aHaln3a T'OCYJAapCTBEHHOIO CTaHAapTa
0a30Bol MOAroTOBKY OakanaBpoB Hampasienuit 25.03.01, 25.03.04,24.03.04, 16.03.03.

[IpuBeneH CHHUCOK TEOPETUYECKUX BOIPOCOB [JIsi MOATOTOBKM K 3K3aMEHY IIO
auciuIuiniHe «Bpicias Marematuka» Mo TeMaM, BKJIIOYEHHBIM B 3aJaHUSI KOHTPOJBHOMN
paboThr No2, a Takke peKoMeHyemas Jijisi 60Jiee MOTHOTO U3yUeHUs MaTepuaa, a TakKe s
MOATOTOBKH K 3K3aMeHy yueOHasl IuTeparypa.



METOJUYECKUE YKA3AHUS U 3AJTAHUS 1JIS1 KOHTPOJIbHOM
PABOTDBI Ne2

Yeaowcaemvie cmyoenmur!

JInsi  KadyecTBEHHOrO OCBOEHUS Y4YeOHOro Marepuana JUCUUIUIMHBL «Bpicmias
MaTeMaTWKa» ¥ YCICIIHOTO BBITIOJIHEHUSI 3aJaHUN KOHTPOJbHOW paboTel Ne2 Bawm
HEOOXOAUMO, MPEXKIE BCEro, M3yUUTh TEOPETUYECKUII MaTepuai, 3aTeM pacCMOTPETh U
IPOAHAJIU3HPOBATh IPUMEPBl pEIIEHUs MPAKTUYECKUX 3amad. B arom Bam nomoryt
pa3o0paThCsi yKa3zaHHbIE B HalleM MOcoOMM HWH(GOPMAIMOHHBIE HCTOYHUKH, a TaKXkKe
IPUBEJICHHBINA B TOCOOMH OYEHb KPATKUN KOHCIEKT JICKIIUH.

IToce 3TOro Bl MOXKETE IPUCTYNATh K BBIIIOJHEHUIO 3a1aHUN CBOETO BapUAHTA.

ByzabTe BHUMAaTENbHBI K ONIPEICTICHUIO HOMepa Balero BapuanTa. [IpaBusio ero BeiOopa
JOCTAaTOYHO MPOCTOE, OHO CHOPMYJIMPOBAHO NEPE] 3aJAHUSIMU KOHTPOJIbHON pabOTHI.

[Ipu caMOCTOSTEIEHOM pELIEHUH U 0(POPMIICHUH 3a/IaHU Balero Bapuanta Bam Oy et
MOJIE3HO HCIIOJIb30BaTh PACCMOTPEHHBIN B MOCOOMHM 0Opa3el] BBIMOJIHEHUS U O()OpMIICHUS
BCEX 3aJaHUIl KOHTPOJBbHOM padOThl. BBIMONHATH 3alaHusd LENeco00pa3HO MO3TAMHO, I10
TEMaM.

B mocobun Taxke NpUBEAECHBI BONPOCHI JJIA MOATOTOBKH K 3K3aMEHY IO TeMawm,
BKJIFOYEHHBIM B KOHTPOJIbHYIO paboTy No2. MX u3yueHue peKOMEHIyeTCsl HauMHaTh IMpHU
BBITIOJTHEHUH KOHTPOJIBHON paboOThI.

BapuaHTbl 3a1aHUII KOHTPOJIbHOI Pad0THI No2
Bapuant Ne n

Ilpasuno evibopa nomepa eapuanma KOHMPOAbLHOU padomvl: HOMEPOM BapHaHTa
CITY>KUT YHUCJIO N, paBHOE CYMME JBYX MOCJIEAHUX U(Pp 3a4€THON KHUKKU CTYJICHTA, €CJIH ATO
He HOJb. Ecnm ke nBe mocienHue nudpbl HOMEpa 3a4€THOM KHUKKU CTyACHTa HYJIHU, TO
cremyeT mojarath N=19.

Bo Bcex 3aianusx cBoero BapuaHTa BMECTO N HEOOXO0AMMO MOACTAaBUTh HOMEp Bartiero
BapHaHTAa.

3aoanue Nol
Haumu unmeepanui.

1.1 j((n+l)-x”—n-ex)dx. 1.2 je
1.3 szo‘”~lnxdx,

n+sin x

-cosX dx

3aoanue Neo2
Boviuuciums onpedenennvlii unmezpan
’7
2
cos" x-sin2x dx .
0
3aoanue Ne3

Buvruucaums nrowaos niockou guypsl, 02paHuienHo TUHUAMU



1
y=n°x, y=0, X=¢€ u eunepboou y=;.

3aoanue Ned
Boiuucnums 00vém mena, noayuenmozo 6 peszyibmame 8paAWeHUS NIOCKOU

@ueypol, oepanudenHou napabonou Y= \& npamol X=N u ocvlo abcyucc, 80Kpy2 ocu

abcyucc.
3aoanue Ne5
Haiimu obwee pewenue ougpghepenyuanvrozo ypasnerus nepsoco nopsoxa.
n- y':x(1+ y2)
3aoanue Neb

Haiimu pewenue 3adauu Kowu Y' =3X> + N, ecu y(l): n.

3aoanue Nel

Haiimu ob6wee pewenue ougghepenyuanvrozo ypasrerus y'= 003(39 - n)x :

3aoanue NeB
Haiimu  pewenue oughgpepenyuanvnoco  ypasmnenus,  yoosiemeopsroujee
VKA3aHHbIM HA4anibHbIM VCA08UAM
y'—(n+1)y’+n=0,  y(0)=1y'(0)=0
3aoanue Ne9

BBIHCHHTI), BBIIIOJIHACTCA JIN HGO6XOI[HMBIﬁ IMPpU3HaK CXOIUMOCTH. Ecan BO3MOXXHO, TO
CIACJIaTb BBIBOJA O CXOAMMOCTH psaa.

k
91 Z?:l% 9.2 Zlocozlﬁ
3aoanue NelO
Hccnegomu CXOJIMMOCTH PSJIOB. B c (n + l)k
101 ; kk++21n | 10.2 ; k3k+ - 10.3 kZ; Tt
3aoanue Nell

3 w (¥
HccnenoBath 3HAKONEPEMEHHBIN psl Z k=1 Ha a0COJIFOTHYIO (YCJIOBHYIO)

CXOIUMOCTb.

3aoanue Nel2
Oyukumio f(x) = x"e™ 19%  pasnoKUTh B CTEIEHHOM PSII 1O CTENEHSM X.

3aoanue Nel3
B nepBowm smuke (10+3n) mrapoB: 9 6enbix, ocTanbHbIE YepHBIE, BO BTOpoM — 20
mapoB: 5 0enbix, 11cunux u 4 yepHbIX. M3 Ka)K0T0 SIuKa TOCTaIH 10 OJJHOMY Iapy.
6



13.1 KakoBa BepOATHOCTH TOTO, UTO U3 MEPBOTO SIIKUKA JOCTAIH YEPHBIH map?
13.2 KakoBa BepOsITHOCTh TOTO, 4TO 00a 1apa oenbie?

13.3 KakoBa BEpOATHOCTb TOTO, YTO OJMH U3 BHIHYTHIX 1IAPOB O€JbIi, a Apyrou
— YEpHBIN?

3aoanue Neld
Omnpenenuts P,, MaTEeMaTU4YECKOE OXHUAAHME, JOHUCIEPCHI0 U  CpeaHee
KBaJpaTUYECKOE OTKJIOHEHUWE JUCKPETHOW CIyYalHOW BEJIIMYMHBI, 3aJaHHOU
cienyrolen Tabauieit pacupenenenus
X 0 1 n+2
pi 0,7 P, 0,1

OBPA3EIl BBIINTOJHEHUS 1 O®OPMJIEHUA 3AJAHU BAPUAHTA
KOHTPOJIbHOM PABOTBI Ne2

Oo0pasen 3agaHnii KOHTPOJILHOM PadoTHI

3aoanue Nel
Haittn uaTerpasr.
2
1.1 J-ij::z dx. 1.2 Iems‘”x -cosx dx.
1.3 _[xs-lnxdx.
3aoanue Ne2

BpranciauTe onpeienieHHbI HHTETPall.
7

J.cos3 X-sin2x dx.

0

3aoanue 3
BbluncnuTh miomaib miocko Gurypsl, orpaHu4eHHON JTUHUSIMU |

1
y=X, y=0, X=2u runepOoioii y=;.

3aoanue Ned
Berauciute 00bEM Tena, MONYYESHHOTO B pe3yJbTaTe BpAIICHUS IUIOCKON (DUTYpHI,
OrpaHHYEHHOW MapaboJIoi y =2X—X* M OCBI0 a0CIIMCC, BOKPYT OCH OPJ/IMHAT.

3aoanue Ned
Haiitu obmiee pemenne nuddepeHnrnaibHOro ypaBHEHUS IEPBOTO OPsIKa
y-y' = x(1+ yz).
3aoanue No6

Haiitu pemenwne 3agaun Komu 11st ypaBHEHHS Y =Y’ cos’ X-Iny, eciiu y(n) =1

3aoanue Ne7



Haiitu o6uiee pemenue qudpepeHnuansHoro ypapHenus Y =9c0s3X .

3aoanue Ne8
Halitn pemenue auddepeHmanbHOro ypaBHEHHS, YAOBIETBOPSIONISE yKAa3aHHBIM
HAYaJIbHBIM yCIIOBUSM

y(0)=1
y"—3y'+2y =0, y'(0)=0
3aoanue N9
BBIACHUTH, BBITIOJIHSACTCS JIM HEOOXOAMMBIA MPH3HAK CXOJWMOCTH IS 3aJaHHBIX
o0 1 o0
psanoB. Eciii BO3MOXKHO, TO C/IeJIaTh BEIBOI O CXOIUMOCTH psiioB. 9.1 Z pel : 9.2 Z n?.
n=1 -1
3aoanue Nel(
HccnenoBath CXOIUMOCTD PSIOB.
2n+2 = n?+1 z n
10.1 —_— 10.2 . 10.3 —,
HZ:; n+1 nZ:;‘ n® nzzll 3"
3aoanue Nell
o (_ 1)n—1
HccnenoBarh 3HAKOMEPEMEHHBIN Pl Z— Ha aOCONIIOTHYIO (YCIIOBHYIO)
n=L TN+ 2
CXOJUMOCTh.
3aoanue Ne 12
OyHkuo f(x)=xe* pasiokKUTh B CTETIICHHOM PSAJI IO CTETICHM X.
3aoanue Ne 13

B nepBom siuke 20 mapoB: 12 6enbix v 8 yepHbIX, BO BTOpoM — 30 mapoB: 6 OenbIX,
15 cunux u 9 yepHbIx. M3 kaxx10ro sAyKa J0CTAIA MO OJJHOMY IIapy.

13.1 KakoBa BepOSITHOCTh TOTO, UTO U3 MEPBOTO SIIHKA JOCTAIN OCIbIi map?
13.2 KakoBa BepOATHOCTH TOTO, UTO 00a mapa 6ernbie?

13.3 KakoBa BEpOSTHOCTH TOTO, YTO OJWH W3 BBIHYTHIX IIapOB OENbIi, a APYrou —
YEPHBIN?
3aoanue Neld
Onpenenuts P,, MATEMAaTHYECKOE OKHUAAHUE, TUCTIEPCUIO U CPEIHEE KBAIPATUUYECKOE
OTKJIOHEHHE JIUCKPETHOM CIy4alHOW BEJIWYWHBI, 3aJaHHOM CICAYIOIeH Talauien
pacnpeeneHust

X

0

1

2

3

4

Pi

0,2

P,

0,1

0,1

0,3

Oo0pa3sen BbINOJHEHHUS 32JaHMH KOHTPOJbHOM PadoThI

3aoanue Nel




+ X2

+ X

dx

. 5
1.1 Havumu unmezpan I 1o 2

Pewienue
C mnomommpi MpaBWI JACUCTBUS C JPOOSAMH IpeoOpasyeM IMOABIHTEIPATBbHYIO
GbyHKIMI0. 3aTEM BOCMOJIB3yEeMCs CBOMCTBAMHU HEOINPEICIEHHOTO WHTErpaia U MOJyduM
JIBa TaOJIMYHBIX I/IHTeraJ]a

5+ x? 1+x +4 1+x
J.1+x J. 1+x? _J.(l+x l+XJ

Omeem: X +4arctg x+C .

_x+4arctg X+C

2+3sinx

1.2 Haiimu unmezpan I e cosx dx .

Pewenue
JI1s1 HaXOKJIEHUSI 3TOr0 MHTErpaja MPUMEHUM METO]] 3aMEHbI IEPEMEHHOM.

2+3sinx=t
Iem’s‘”x cosx dx =|3cosx dx = dt :lje‘dt _%et +C :%em“”X +C.
cosx dx=—
3

1 .
Omgem.' §e2+35mx + C )

1.3 Haumu unmezpan ij AInxdx,

Pewenue

Bocrons3yeMest METOJJOM HHTETPUPOBAHKS 0 YaCTSIM, MOJOKKB U = Inx, x°dx =dv

i du=(Inx) dx= &
J‘x5lnxdx:d Sy XX6:
6
6 6
—X_|nx_ X_%:X—| X——IXSdX—
6 6 x 6 6

1 1
Omeem: =x8Inx-=[+C .
6 ( 6j

3aoanue Ne2

T

. 3y . i
Boruuciums onpedenennwiii unmezpai ICOS X -sin 2x dx
0

Pewenue



[IpeoOpazyeM MoABIHTErPATIbHYIO0 (PYHKIIUIO C MOMOIIBIO (POPMYJIBI Sin2X = 2Sin X COS X
3aTeM TNPUMEHUM METOJ 3aMEHbl IEPEMEHHOM B  ONPEAECNIEHHOM HMHTErpaie

V4 VA

2 2
cos® X-sin2x dx = jcos3 X-2SinX-cosx dx = Zj‘cos4 X-Sin X dx =
0 0

o'—.y\)‘ﬁ °

cosx =t
—sinx dx = dt

. 0 50
_| sinxdx=-—dt :—2]t4dt:—2-t—| :_3(0_1)2220,4
mpu X=0 t=1 1 51 5 >

T

X==— t=0

[pH 2

Omeem: 0/4.

3aoanue Ne3
BBIuucnTh mIomas miocKoi pUryphl, OrpaHUYEHHON JIMHUSMH:
1
y=X, Yy=0, X=2urunepbouoir y=—.
X
Pewienue

Pazo0beM mannyio ¢purypy (puc. 1) Ha ase yactu. O003HAYUM UX ILIOMIATU S U S,
Tor/a 1Iomanas Bceil purypst S =S, + S,. Haiinem xoopauHaTel Toukd A

y=X _
A 1 :{yz X :>A(1;1).
y y=— x°=1
X

Baaunt, qasg S; 0<x<1,

\ i S, 1<x<2,

PanirN Haitnem momans Bcelt purypsi:
% ] 1 2
/. o
A S " dx
) > 2 S=S1+S;=[xdx+[= =
X
1 = 2 |1 2 4
- =—| +Inx| ==+1In2.
1 2
0
Puc.1. 1
, Omeem: ——1In2.
3aoanue Nod

Beraucnute 00bEM Tela, MOTYYEHHOTO B pPE3yJIbTaTe BPAIICHUS TUIOCKOW (UTYPBI,
OrpaHUYEeHHOU apaboIoi y = 2x —Xx* U 0ChIO0 a0CIKCC, BOKPYT OCH OpJIMHAT.

10



Pewenue
3ananHas purypa umeet BUI:

v

Puc.2
N3BecTHO, 4TO 00BEM Tela, MOTYUYEHHOTO BPAILIEHUEM BOKPYT OCH O X KPUBOJIMHEHMHOU

TpamneIyy, orpaHMdeHHoN KpuBoii Y= f(x) mpm a<x<b, BeMHMCIAETCS MO CIEAYIOMICH
b

bopmyire: V= 7Z'J.[f (x)f dx..
a

2+\4-4y ,—
2 =i

W3 ypaBHEHHS Yy =2X — X BBIpa3UM X. X° —2X+y=0, X=

JleBas BetBb mapa6onsr 0A onpenensercs ypapnenmem X =1-41-y  a npasas AB:

x=1+1-y.O0bEM 3aJaHHOTO TeJIa BpaIllEeHUs] MOYKHO paCCMaTPUBATh KaK Pa3HOCTh 00bEMa
TeJa, MOJIYYEHHOTo BparieHneM Bokpyr ocu Oy dactu mpaBoii BetBu AB mpu 0<y <1, u
TeNa, MONYYEHHOro BpameHueM Bokpyr ocu Oy wactu nesoit BetBu OA mpm 0<y<1.

Torma V=7fﬂ1+\/ﬂ]zdy—”ﬂ1—\/l——y]zdy==7rﬂ1+2\/m+1—y—1+2\/ﬂ—1+y]dy=
—47TJ.\/_dy 47z'J.l y% 1-y))=

1
—47z-3-(1—y)§| :_8—”(0 1)= 8z

3 0 3 3
8
Omeem: 3 KyOUUYeCKUX €IUHHUIL.
3aoanue Ne5
Haiitu ob1iiee pemienne ypaBHEHUs y-y' = x(1+ yz).
Pewienue
3aaHO ypaBHEHHE C pa3eisiolMMucs nepemMeHHbiMu. [Ipeobpasyem ero, mosaras
! dy dy 2 2
=—, —=x-(1 = .
y ™ y ix ( +y ) WA ydy x(1+ y )dx
Paznenum 06e yacTu ypaBHEHHS Ha (1+ y2) u npOHHTerppreM.
ydy J' xdx
1+y®

11



1IM—jxdx:%In(l+ yz):x—22+C

WIIH In(1+ yz): x> +C.

23 14y?
[Tonyuunu ob11ee peleHue (MM 00U HHTerpat) 3aJaHHOTO YPaBHEHHUS.
Omeem: In(1+ yz): x> +C.
3aoanue Neb
Haiitu pemienne 3anaun Komm st ypapHerus y =y'cos’ x-Iny o y(n) =1
Pewenue
' dy o2

3aMeHUM NMPOU3BOJHYIO Y’ Ha VTS X Iny . YMHOXHM 00€ YaCTH ypaBHEHUS

Ha dX: y dx = cos’x-Iny-dy . Pa3genum nepeMeHHbIC B JaHHOM YPaBHEHHH, JIEJISI €r0 00¢ 4acTh
’ . dx Iny
Ha TIPOU3BEICHUE Y- COS’ X ' —=—=dy.
cos’x y

[TousieHHO UHTETPUPYS, MOIYIUM UCKOMBIN 00IIMii HHTErpai (o011ee pemeHue):

Idx :jln—ydy+C, tgx:jlnydlny+C, tgx:%ln2y+C.
y

cos® X
[ToacraBiss HadalbHBIE 3HAYEHUS X =7, Y =1, ompenenanm 3HaueHue C:

1
tgﬂ=EIn1+C, C=0.
1,
CrenoBaTenbHO, HCKOMOE YaCTHOE PEIICHUE UMEET BUI: 1gX= > In“y.

1
Omeem: tgx:zln2 y.

3aoanue Ne7
Haiitu o61mee pemenne auddepennuansHoro ypasaenus Y = 9c0s3X .

Pewenue
[TocnenoBaTenbHO UHTETPUPYSI 38J]aHHOE YPABHEHUE, TOTYyUHUM:

y”=9jc033x dx=%sin3x+c1 =3sin3x+C,,
y'= I(Ssin3x +C,)dx = —gc053x +C,x+C,=—c0s3x+C,x+C,,
1 C,
y='[(— cosSx+C1x+C2)dx=—§sm3x+?x +C,x+C,.
3amMeHuM % na C; , obiee perienre OyaeT MMETh CIECAYIOIHMIA BU/:
y=—%sin3x+Clx2 +C,x+C,.

Omeem: y=—%sin3x+C1x2 +C,x+C,.

3aoanue Ne8

12



Haiitu yacTHOe peleHue ypaBHeHHsI Y'—3y'+2y =0, yJ0BIECTBOPSIOIIEE 3a1aHHBIM
y(0)=1
HayalbHEIM ycitoBusaM | Y'(0)=0.,

Pewenue
3anana 3anaya Komm a1 InHEHHOro oTHOPOAHOrO U epeHIINalIbHOTO YPAaBHEHUS
BTOPOTO MOPsI/IKa C MOCTOSSHHBIMU KO3 (ppHLIeHTaMu.
Brauane Haiinem oOliee penieHne ypaBHEHUS.
y' -3y +2y=0=k?-3k+2=0=k =1k, =2= y,, =C,e* +C,e*,
NmMenn ciydallk JEUCTBUTENBHBIX PAa3JMYHBIX KOPHEM  XapaKTEPUCTUYECKOTO
YpaBHEHUS.

Halinem Tenepb npon3BoAHYyI0 EpBoro odmero pemenus. [locie yero Bocnomias3yemcs
HayaJbHBIMU YCIOBHIMU JIJI HAXOKEHUA 3Ha4eHH nocTosiHHbIX C,;,C, |

Yoo =Cie" + 2C2e2X

y(0)=1= (C,+C,=2 C,=4
y'(0)=0= {C,+2C,=0=C, =2

[Toncrapiisis HailAEHHBIE 3HAYEHUS IOCTOSIHHBIX B 00IIIee PEIICHHE, ITOTy4YaeM YaCTHOE
pelIeHre, penieHre 3ajanHoi 3aaun Komm: y = 4e* —2e.
Omeem: y=4e* —2e*.
3aoanue Ne9
BoISICHUTB, BBINOJHSETCA JUM HEOOXOJMMBIM MPU3HAK CXOAMMOCTH IJis 3aJJaHHBIX
pAnoB. Eciau BO3MOXHO, TO CAENIaTh BEIBOJ O CXOAUMOCTH 3TUX PSIAOB.

9.1 zniz 9.2 Zn
Pewenue

N 1 . .1
9.1 OOuuit unen psaga u, =7 Beramrcnum ero mpenen mpu N—co: limu, =lim— =0

n—o N—o0 n

HeoOxoaumblii Tpr3HaK CXOAUMOCTH BBITIONHSACTCS, HO O CXOJMMOCTH Psiia BEIBOJ c/ieaTh B
TaKOM CJIy4ae HEBO3MOXKHO.
9.2 OOmwmii uneH psga U, =n’, BeuMcIMM ero npeaen limu, = =limn’®=0=0,
n—o0 n—o0
Heobxoaumoe ycioBrue CXOIMMOCTH JIJIsi 3TOTO psifia HE BBITIOJIHAETCS, CIEA0BATEIBHO, P
pacxoauTcs.

3aoanue Nel0
> n+2
10.1 MccnenoBaTh CXOAUMOCTh psijia PR
n=1
Pewienue
. n+2 . . nh+2
OOt wieH psijia UMEeT BUJl @, = PYER Tak Kak lim a, = Ilmm =1+#0,10

HE00X0IMMOE YCIIOBHE HE BBITIOTHACTCS, CIICA0BATEIBHO, PSIT PACXOAUTCS M3-3a HAPYIIICHHS
HEO0OXOMMOTO YCIIOBHS CXOUMOCTH.
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Omeem:  psiJ PacXOIUTCA.

= 3"
Pewenue

n n+1
[Ipumenum mpusHak JlanamoGepa. a, = 3_n’ Apyg = g+l

10.2 VccnenoBaTh CXOAUMOCTh psijia

.a . (n+1)-3" .. n+1
| = lim—22 = Ilm( ) =lim
n—ow an n—ow 3” .3.n n—>» 3n

= % <1. Tak kak | <1, To psiz cxonurcs.

Omeem:  PsiJl CXOIUTCH.

0 2
n-+1
10.3 UccienoBarh CXOAUMOCTB psiga 3
n=1
Pewenue
. n+1 n* 1
[IpuMeHUM MIPU3HAK CPAaBHEHHUS B IIPEICIILHON GopMe: &, = e

00 1 o o
Tak kak psan ZH pacxoauTcs (TapMOHUYECKHUI), TO U UCXOHBIN Psii paCXOIUTCH.

n=1

Omeem:  psif pacXOIUTCH.

3aoanue Nell

a5

e 0]
UccnenoBath 3HAKOMEPEMEHHBIN s Z— Ha a0COMIOTHYIO (YCIOBHYIO)
n=L 7N+ 2
CXOJUMOCTb.
Pewenue

™

OOt WieH TaHHOTO psijia UMEET BUJI: A, =~ .
n+2
1. PaccmoTpuM BHauasie psiJ U3 aOCOMIOTHBIX BEJIMYMH JIEMEHTOB 3aJJaHHOTO PsJia:
i 1
. [oJryunsiv YuCIIOBOM PSJI C MOJIOKUTEIIbHBIMY UiieHaMu. Hcciiemyem ero Ha
n=1 7N+ 2

1 1 1
CXOAMMOCTh. TaKk Kak mpu N —> 0 ———~— U psf Z — pacxoautcs (TapMOHHYECKUI

m+2 7n n=l 7N

1 > 1
pSZ, YMHOXKEHHBIN HA — ), TO U P Z— TaKXX€ PACXOJIUTCS COTJIACHO MPEAEIBHOIO

n=L 7N+ 2
npu3Haka cpaBHeHus. CleoBaTeNbHO, 3aJIaHHBIM 3HAKOMEPEMEHHBIN psii aOCOIIOTHO HE
CXOJIUTCSL.
2.Tak kak aOCOJIOTHBIC BEIUYMHBI YICHOB JAaHHOTO 3HAKOUEpEIyIOLIEerocs psjia
yOBIBAIOT U MPE/IET MOJTYJISI OOIIETO YeHA PaBEH HYJIIO:

1 1 _ 1
1) —>—>..; 2) lim——=0
9 16 PeTNn+ 2

14



To 1o Teopeme JlelOHuIa 3amaHHBIN psng cxomuTcs. IlockoiabKy aOCOJIIOTHOM
CXOJAMMOCTH HET, MOJIYyYaeM, YTO JaHHBIN PSSl CXOIUTCS YCIOBHO.

Omeem: 3aJaHHBIN 3HAKOTIEPEMEHHBIN PSAJT CXOAUTCS YCIOBHO.
3aoanue Nel2
OYHKIUIO f(x) = Xe*Pa3JI0kKUTh B CTEIICHHOM PSI IO CTENECHAM X.
Pewenue
2 3
. X X X 3
B paznoxenun e* =1+ m +§ + 3 +... 3aMEHUM X Ha X', MOJy4YUM
3 6 9
3 X X X .
e =14+ —+—+..., XE(—OO, +OO)-
iU 21 3!

4 7 10
3 X X X
YMHOXUM TeNephb MOTYUYEHHOE PABEHCTBO Ha X X-€° =X+ ETRCTRIETIM
8 xt x7 xW© Xe(—oo'+oo)
Omeem: X =X+—+—+—+..., ’
21 3!
3aoanue Nel3
B nepBowm simuke 20 mapoB: 12 6enbix u 8 yepHbIX, BO BTOpoM — 30 mapoB: 6 OenbIX,
15 cunux u 9 yepHbIx. M3 kaxa0ro simyka J10CTalIM MO OJHOMY IIapy.
13.1 KakoBa BepOSITHOCTh TOTO, UTO U3 MEPBOTO SITUKA TOCTAIN Oenbli map?
13.2 KakoBa BepOSITHOCTh TOTO, UTO 00a I1apa oenbie?

13.3 KakoBa BepOSTHOCTh TOTO, YTO OJWH W3 BBIHYTHIX IIApOB O€JbI, a Jpyrol —
YEPHBI?
Pewenue

< m 12
13.1 Tlo gopmysie BEPOSITHOCTH CIYyYaHOTO COOBITHS TIOJTydaeM p(A)—F=E=
TaK Kak 00I1Iee KOJIMYECTBO MIapoB B MepBoM siuke N=20, a 6enbIx cpenu HUX mM=12.
Omeem: BEpOSITHOCTh JOCTATh U3 MEPBOTO slrka oenbii map 0,6.
13.2 Nmeem npomssenetue cobbitnit A u B, rne A —nossienne Genoro mapa u3

MEPBOroO SIIIMKA, B — nossnenue 6enoro mapa 13 BToporo smuka. [Ipu 3roM coObIThs Anu
B nesaBucumsie. Hailinem BHauasie nx BEpOSITHOCTH.

12 3 6 1
A)=====; pB)=—==.
P(4) 20 5 () 30 5
[To dhopmyIie BRIYMCIICHHS BEPOSTHOCTH ITPOU3BEICHUS HE3aBUCUMBIX COOBITHI
31 3
noiygaem p(A-B)= p(A)- p(B)==-2="=012,

55 25
Omeem: BEPOATHOCTE A0CTaTh ABa Oenbix mapa 0,12,

06,

13.3 Bo3moxHbI 1Ba BapuaHTa:
1) Oenblit map AOCTAIM U3 MIEPBOTO SIINKA, & YSPHBIA U3 BTOPOTO;

2) Oesbli map JIOCTaIM W3 BTOPOIO, a YEPHBIH U3 MepBoro. B oboux ciyyasx umeeM
MIPOU3BEICHUS BYX HE3aBUCUMBIX COOBITHI. HalijlemM nX BEepOsSTHOCTH.

[Tycts coObitne A-—mosiBieHne Oeoro Imapa W3 MEpBOro siiuka, coObitne B —
MOSIBJICHHWE YEPHOTO 11apa U3 BTOPOro suuka. Toraa
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12 3 9 3
(W=2-3 pe)-2-2
20 5 30 10
[To ¢popmyre BeUMCICHUS BEPOSITHOCTA HE3aBUCUMBIX COOBITUHN TTOTydaeM
33 9
AB)==.— ="
p( ) 510 50

[Iycts cobwitne C —mosBnenue Genoro mapa u3 BTOporo smuka, D —mnossienue
YEPHOTo 1Iapa U3 NMepBOro AmuKa. Tormna
pC)==2i PD)=x=2.  plC:D)=.
30 5 20 5 25
Haiinem Temnepb BEpOSTHOCTb TOTO, YTO JIOCTAJIU OJWH Iap OCNbIi, a Ipyrol YepHbIN
(Oe3pa3nuuHO KakoW M3 IIAPOB M3 KAKOTO AIIMKA) KaK BEPOSTHOCTH CYMMBI JBYX
HECOBMECTHBIX COOBITUH.

2

9 2 13
5+4)=p(A-B)+ p(C-D)=—+-2 =2 _026
p(5+4)=p(A-B)+p(C-D) =025 " 50

Omeem: BEPOSTHOCTD JIOCTATh OJMH map Oenblit, a apyroit yepusiii 0,26,

3aoanue Nel4
Onpenenuts P, , MATEMAaTUUECKOE OKHUIAHUE, TUCIIEPCUIO U CPEIHEE KBAAPATHUECKOE

OTKJIOHEHHE JIUCKPETHOM CIy4dalHOW BENWYWHBI, 3aJaHHOM CieAyroIel Talauien
pacnpeeneHus

X, 0 1 2 3 4
P 0,2 P, 0,1 0,1 0,3
Pewenue

C noMompr0 paBeHCTBA  p,+ P, +...+p, =1 BBIYHUCIIMM
p, =1—(p, + p; + P, + Ps)=1-(0,2+01+01+0,3)=1-0,7=0,3.
Haitnem teneps MaTeMaTHYECKOE OKMAAHUE 3a]IAHHOM CITy4allHOW BEJIUYUHBI

5
M(X)=> xp,=0-02+1.03+2:01+3-01+4-03=2.
i=1

3HadueHue P,

Jlucniepenio  GyaeM  Bolumcnats 1o gopmyne  D(X)=M(X?)-[M(X)F, mnosromy
HE0OXOAMMO MPEABAPUTEIBHO HAUTH BEIUUYUHY M (X 2)
M(X?)=xZp, +X2p, +..+ X2 p; =02-0,2+1%-03+22-01+32-01+4%.03=64 .
[Tomyuaem: D(X)=M (X 2)— M(X)] =6,4-2°=24.Torga o(X)=./D(X)=+/2,4 ~155.
Omeem: p,=03; M(X)=2;, D(X)=24; o(X)~155.

3ameuanue. Pemenue 3Toro 3aanus yao0H0 0OpMHTH B BUJIE CIICIYIONIEH TaOTUIIBI.

2 2

X Xi X; X;
' P b, p
1 0 0,2 0 0 0
2 1 0,3 0,3 1 0,3
3 2 0,1 0,2 4 0,4
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4 3 0,1 0,3 9 0,9
5 4 0,3 1,2 16 4,8

Ha nepeceuenuu 4eTBepTOro cToa01a (MPOU3BEACHUS X, P; ) U HIDKHEH CyMMUPYIOIICH

CTPOKH TOJTy4aeTCsl 3HAYCHUE MAaTEMATUYECKOTO OKUJIAHUS 3aJaHHON CITy4YalHOW BEJTMUUHBI
X. A B miecTOM CTOJIOE B HIDKHEH CTPOKE BBIUHUCIISACTCS MaTEMAaTUIECKOE OKHJaHUE KBaIpaTa
3aJJaHHOM CJIyYalHOM BEIMYUHBI M (X 2) . Ilocie »TOro ocraercsa HaAUTH HJUCIIEPCHIO:

D(X)=M(X?)-[M(X)l = =64-4=24, 3areM BBMHCINTD CpEHEE KBAZPATHUECKOE

oTkIoHeHHE o(X )=/D(X)=+/2,4 ~155.

KOHCIIEKT JIEKIIUIA
Humezpanvhoe ucuucnenue
1. IlepBooOpasnasi ¢ynkuus. HeonpeneneHHbIi HWHTerpaji, ero CBOWCTBA.
Tabauua uHTErpaJIoB
®ynxrua F(x) mazsBaeTcs nepsoobpasnoii 1is Gyrxmmn f(x), ecmm

F'(x)= f(x) mwm d F(x)= f(x)dXx.
Tax, nampumep, QyHKIMA F(x)=x
f(x)=3x?, Tak kak F'(x)=(x*) =3x* = f(x).
Ecmn dyskmus f(x) umeer mepBoobpasHyo F(X), To oHa mMeeT GecuduclaeHHOE
MHOKECTBO TIEPBOOOPA3HEIX, COBNAaoImee ¢ MHOKecTBOoM F(x)+C | re C —mpou3BosIbHAS

MTOCTOSTHHAS.
COBOKYITHOCTB BCEX MEPBOOOPa3HBIX st GYHKIUK f(X) Ha3BIBACTCS HEONPeOeIeHHbIM

® CHYXUT TepBOOOpa3HON i (YHKIHH

unmeezpanom ot pyaknuu f(x). O603HAYAIOT TaK:
I f(x)dx=F(x)+C,
rae I— 3HaK  MHTErpaa, f (x) - moAbIHTETpanbHast  (YHKIHS, f(x) dx -

TMOABIHTErPATbHOE  BBIPAKEHHE, X—IlepeMeHHas HMHTerpupoBaHus, F(X)- kakas-mu6o
niepBooOpasuast 11t Gpyukimu f(x), C—Mpou3BOIbHAS TOCTOSIHHAS.

['eomeTpuyecku HeONpeIeTICHHBIN HHTETPAJT IPEACTABIISIET COO0M CEMENCTBO KPUBBIX,
3aBucsALIee OT oAHoro mnapamerpa C, KOTOpbIE MONYyYarOTCsd OJHA M3 JPYrol IyTeM
NapaJuIEIbHOTO CIBUTa B1OJb Ooch Oy .

HaxoxeHue HeonmpeaeneHHoro HWHTerpaja oOT 3aJaHHOM (YHKIMM Ha3bIBaeTCS
UHMeZpUPOBaAHUEM. HNHuTerpupoBanue ABJIAETCS NEHCTBUEM, 00paTHBIM K
muddepenurpoBanuio. M3 3Toro ¢akra BEITEKAIOT CBOMCTBA HEONPEIEIEHHOTO UHTErpajia u
Ta0JIUIIa OCHOBHBIX MHTEIPAJIOB.

Ceoticmea HeonpeodenenHo20 unmezpaia

Ceoticmeo 1. Jluddepennman OT  HEONpPENEICHHOTO  HWHTErpajga  paBeH
MOABIHTErPAIBHOMY BBIPQXKEHHUIO (MPOM3BOJHAs OT HEOINPEAEIIEHHOIO HWHTErpajga paBHa
MOBIHTETPATLHON (QYHKITAN)

a[ 1= u ([ () = F(x).
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Cesoticmeo 2. Unterpan ot nuddepeninana HEKOTOpor GyHKIHUU paBEH CyMMe ITOU
(GYHKIMH U IPOU3BOIBHOM MOCTOSTHHOM

IdF(x)=F(x)+C u .[F x)dx = F(x)+C.

Ceoticmeo 3. I1ocTOSTHHBIM MHOKUTEIb BRIHOCUTCS 32 3HAK HHTCI'paJia

[k f()dx=k[ f(x)dx (k=const).
Csoticmeo 4. VInterpain oT airedpandeckoil CyMMbl (PYHKIIMI paBeH airedpandeckoin

CyMME€ HUHTETPAIIOB
J.(fl(x)i f,(x))dx = J. f,(x)dx J_rJ' f,(x)dx

Tabauya npocmetiuiux unme2panos

; X 9.f o :larctg§+c (a=0);
jx“dx: +C, a=#-1; a’+x* a a ’
a+l
-1
2. __IX dx=Inx+C; 10. j\/i—arcsm +C (a=0);
3'X 11J-dx_|x+ac_
jaxdx:a (a>0,a%1); “Jat-x* 2a |x-a |’
Ina
dx 2.2
4.J'exdx:eX+C; 12.j =In‘x+ x“ta‘|+C;
x> +a’®
5.Isinxdx:—cosx+C; 13J'shxdx:chx+C;
6. Icosxdx=sinx+C; 14. Ichxdx=shx+C;
1. _f d>2< =tgx+C; dz( =thx+C;
cos’ X X
dx .
8. I — — =—Ctg x+C;; =—cthx+C.
sin® x

3ameyanue. [Ins 3anoMuHaHus TAOJUYHBIX POPMYIT MOJIE3HO, pACCMATPUBAS KAXIYIO
U3 HUX, 33J]aBaThCSl BOIIPOCOM: «JUIsl KakKOM (DYyHKLMHU MOABIHTETpasibHAs (PYHKLMS CITYKUT

npou3BoAHO#?». Hanpumep, B hopmyiie No7 moasiaTerpaabaas Gyukims f(x)=

W3BECTHO, (tgx)l = coiz . ,FX)+C=tgx+C

2. HemocpeacTBeHHOE MHTETPUPOBaHUE
JUIsi  HaxoXIeHUsT MHTErpajioB NPUMEHSIOT CIEIyIolue TpU METojJa
MHTETPUPOBAHUS: METO]I HETIOCPEACTBEHHOTO MHTEIPUPOBAHUS, METO/I 3aMEHbI ITEPEMEHHOM
Y METOJI UHTETPUPOBAHUSA 10 YACTSM.
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Henocpeocmeennvim unmecpuposanuem Ha3bIBACTCd HAXO0XKIACHUE WHTETPAJIOB C
MOMOIIBIO MPUMEHEHHUS TOJIbKO TaOJHIIbI, CBOMCTB HEOINPEIACICHHBIX MUHTETPAIOB U, OBITH
MOJKET, AJIEMEHTapHBIX MPEe0OPa30BAHUMN MOJBIHTETPAIIBHON (DYHKIIMH

3. Meroxa 3aMeHbI IepeMEeHHOMI
CyTb MmemoOa 3ameHbl nepemenHOU COCTOMT B TIEpEXOA€ OT TMEPEMEHHOM
MHTETPUPOBAHUS X K HOBOW MEPEMEHHOM C LIEbIO YIPOIIECHUS 3aJJaHHOTO HHTETpaa.
3aMeHa MEepPEeMEHHON B HEOMpPENeJICHHOM HHTerpajie MPOW3BOIUTCS 4Yalle BCEro ¢
MOMOIIbIO (OPMYIT ABYX BUIOB:
1) Ecm f(X) HempepbiBHa, TO, momaras X=¢(t), tme ¢@(t)—HenpepbIBHO
nuddeperippyemast GpyHKIHU, TOIYIUM I f(x)dx = j f(p(t))-@'(t)dt.
2) Ecmm J-f(X)dXZF(X)-i-C , TO J.f(u)du:F(u)+C, I1€ U=y (X)—HempepbIBHO
auddepenunpyemas QyHKIUA.
3ameuanue 1. Tlpu UCTONB30BAaHUU TEPBOUM (HOPMYJIBI X =¢@(t) METOX 3aMEHBI
MEPEMEHHON Ha3bIBAIOT €lIe Memooom nodcmanosku. 1Ipu mpuMeHeHU BTOPO (pOopMyJIbl
u=yw(x) MeToAq 3aMeHBl MEPEMEHHOW HA3BIBAIOT TAKKE MemoOOM 68€0CHUsl HOBO20
apeymenma.

Ilpumep. Haiitu nnTErpa J.szjLXlo :

j wdx X2 +10=u = d(x* +10)=du,

Pewenue. x? +10 - 2xdx = du = xdx = %du

1.%:l|n|u|+C:lln (x2+10)+C.
2 u 2 2

4. MeTox MHTErPUPOBAHMS 110 YACTAM
Ecmn u(x) um Vv(x)-mempepsiBHO muddepeHrupyemble (GYHKIHH, TO CIPaBeIHBA
bopMyiia, KOTOpasi Ha3bIBACTCSA YOPMYNOU UHMESPUPOBAHUS NO YACTAM
Iudv:u~v—jvdu.

Hcnonb3zoBanue (HopMysibl LEeaecoo0pa3Ho B TeX Ciyyasx, KOrja HHTerpal jvdu B

IIPaBOM YacTHU MPOIIE MCXOJHOIO MHTErpaa ju dv WM OJMH M3 HUX BBIPAXKAETCSA yepe3

apyroii. Jlns npumeneHuss (GoOpMyJsibl HMHTETPUPOBAHUS IO YACTSIM MOABIHTEPATLHOE
BBIpaKEHHE CIIEAYEeT pa30uTh Ha JBa MHOXuUTeNs "U" u "dv',

B xauectBe dv BbIOMpaeTCsi Takoe BBIpaXKEHHUE, cojepkaimiee 0dX, U3 KOTOpOro
MOCPEACTBOM MHTETPUPOBAHUS MOYKHO HAUTH V. 3a U B OOJIBIIIMHCTBE CIIy4acB BIOMpPACTCS
byHKkuMs, KoTopas npu AU depeHIIMPOBaHUH yripoliaeTcs: (MHOTOWIEH, JIorapudmuueckas,
oOpaTHast TPUrOHOMETpHUYECKas U Jp.).

Meton HHTETPUPOBAHUS 10 YACTSIM MOKHO IPUMEHSTh HECKOJIBKO Pa3.

3ameuanue 1. B uHTErpasiax Buaa

IP(x)sinaxdx dv = sin axdx
[P()cosaxdx  ewiGupaor :  u=P(x),  dv=cosaxdx
J. F)(X)eaX dx dV = eaXdX.
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B stux dopmynax P(X) — MHOTOUIEH, &—4HCIIO. HNHTerpupoBaHue 1Mo 4acTsMm Cieayer
IPUMEHSTH CTOJIBKO pa3, KaKoBa CTEIICHb MHOTOYJICHA P(x).
3ameuanue 2. B unTerpanax suia

Ilnx~xkdx U=Inx
Iarctgx- x* dx BBIOMPAIOT: u=arctgx u dv=x*dx
Iarcsinx-x" dx u = arcsinx

B atux popmynax K- parnuonasbHOE YUCIIO.
IIpumep 1. Haiiti uHTETpaI j (4x —3)sin 2xdx .

Uu=4x-3, dv=sin2xdx,

Pewenue. I(4x—3)sm 2Xdx = du—d4dx v— Isiandx: —%cost -

= (4x—3)(—%c052xj—I(—%costjAdx = 3_24)( C0S2X +8in2x +C .

5. Onpenenennblii uHTerpaj. I'eomerpuueckuii CcMbICd U  CBOICTBa
OIIPeAEJIEHHOT0 MHTErpaJia
Iycts ¢ymkmus f(x) ompedeneHa Ha oTpeske [a,b]. Paso6eem oTpesokx [a,b]

IPOM3BOJILHO Ha N 4acTel TOUKAMM X, =&, X,,X,,...,X, =b. Ha kaxmom orpeske [x,x.,]

(R R

IPOU3BOJIBHO BBIOCPEM TOYKM &, BBIYMCIMM 3HAYEHUs 3adaHHON (QyHKmum f(x) B 3THX
Toukax &,i=12,...,n. CoCTaBUM MHTETPAIBHYIO CYMMY BUJA!

F(E) A%+ F(5) A% +.+ £(£,)-Ax, = F(&)-Ax,

OueBHIHO, YTO HHTErPAIbHBIX CyMM (yHKIUH f(x) Ha OTpe3ke [a,b] mMoxHO cocTaBUTH
0OEeCKOHEYHOE MHOYKECTBO.

Ecnu cymiecTByeT KOHEUHBIN MPEAC]T MHTETPATBHBIX CYMM IPH YCJIOBHH, YTO JIJTMHA
HanOOJIBIIIETO U3 YACTUYHBIX OTPE3KOB Pa30MEHUs CTPEMHUTCS K HYIO: Max Ax; — 0, To ero

I<i<n
HA3BIBAIOT ONPeOeieHHbIM unmezpaiom om @yukyuu f(x) no ompesky [a,b]. O6o3HAUArOT
b n
rak: [f()dx=_lim > f(&)Ax.
a i=1

max Ax; -0
i

Uncna au b IIpHU 5TOM HA3bIBAIOTCA COOTBCTCTBCHHO HUJINCHUM U 6EPXHUM npedeﬂajwu

UHMe2pUPOBaAHUS.
dynkrma  f(x) HasbBaeTcs ummezpupyemoli Ha |a,b], ecnm ykaszaHHBIH Tpemen

CyIIecTBYeT u KoHeueH. Jl100as HempephIBHAS WIH KyCOUHO-HENPephIBHAS Ha OTpesKe [a,b]
(GyHKLHS SIBISIETCS UHTETPUPYEMOM HA STOM OTpPE3KeE.

Teomempuueckuti cMblcl ONpedenenHno20 uHmezpad
E ciu mopeiaTerpansaas Gyakius f(x) HeoTpumatesapHa (f(x)>0) 1 HempepbIBHA Ha

b
oTpeske uHTerpnposamms [a,b], To ompenenemmeii mmterpan | f(x)dx paben miomann

KPUBOJIMHEMHON  Tpamneuuu aABb (puc. 1), orpaHM4YeHHOW  JUHUSMU
y="f(x) x=a x=b, y=0.
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v

Puc. 1

Ceotlicmea onpedeieHH020 uHmezpaa

Csoucmeo 1. 1Ipu nepecTaHOBKE NMPEIEIOB HHTETPUPOBAHNSI MECTAMH ONIPENCIICHHBIN
MHTErpajl MEHSET 3HAK

Ceoucmeo 2. IHTETpan ¢ paBHbIMU MPEAECIaMU PABEH HYJIO
a

I f(x)dx=0.
Ceoticmeéo 3. (O pazbuenuu umnmespana Ha CYMMY UHMESPAIOE NO Npederam

unmezpuposarus). Jns 1r0060ro yncia C CpaBeaIuBO PAaBEHCTBO
b c b

J'f(x)dx:ff(x)dx+'[f(x)dx,
3ameuanue. Yncno C MOXKET KakK MPUHAJJICKATh, TaK M HE NMPUHAIICIKATH OTPE3KY
UHTErpUpoBaHus [a,b].

Ceoucmeo 4. I10CTOSHHBI MHOYKHATEIIb BBIHOCUTCS 32 3HAK MHTETpaa:
b

b
.[k' f(x)dx:kjf(x)dx (k = const).
Ceoticmeo 5. IHTerpan ot anredOpandecko cyMMbl (DyHKIIMI paBeH aireopanydecKkoi

CYMMC HMHTCI'PAJIOB
b

T(fl(x)i f,(x))dx = I f,(x) de_rj)‘ f,(x)dx.

a

Csoticmeo 6. (O coxpamenuu ummezpaiom 3HAKA  HEPABEHCMEA  MEXKIY

noovinmezpanohoivu  @yukyusamu). Ecmu  f(x)>g(x) mpu xe[a,b], rme  a<b, T0
b

[ 1 ax [ g(x) ox.

a

Cneocmeue. OnpefieIeHHbI MHTErPAJl COXPAHSAET 3HAK MOABIHTErpabHON (QYHKINH,
TO ecTh, ecmu f(x)>0 (f(x)<0) mpu Xe[a,b], To
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b b

[fi)dx=0 ([f(x)dx<0).

a a
Csoticmso 1. (Oyenxa onpedenennoeo unmeepana). Ecim m m M — HauMeHbIIee U

HanbobIIee 3HaYeHNs GyHKIMN f(x) Ha oTpeske [a,b] m a<b, To cnpaBemMBO HEpaBEHCTBO
b

m(b—a)ﬁ'[f(x)dxs M(b-a).
Ceoiicmeo 8. (Csoticmeo o cpeonem). Ecim f(x)HempepslBHA Ha oTpeske [a,b], To

CYIIECTBYeT TouKa C € [a,b] Takas, uTo MMeeT MecTo PaBEeHCTBO
b

[f(x)dx=f(cYo-a).

a
6. MeToabl BLIYNCIEHUS ONPe/ieIeHHbIX MHTErpajioB
JIJ1st BBIYMCIICHHS ONIPEIeTICHHBIX MHTETPajIoB MPUMEHSIOT dhopmyiny HeroToHa-
Jleitbanmia w Te K€ caMmble METOAbl HMHTETPUPOBAHUS, YTO W I HAXOXKICHUS
HEOIPEICIICHHBIX UHTETPAJIOB.
Dopmyna Heromona — Jleibnuya:

rae F(X)—KaKaH-JII/I60 nepBooOpas3Hast GyHKIUH f(x) Ha OTpe3Ke [a,b].
@opmyna uHmespuposaHusi no Yacmsam IS ONPENEIICHHOTO HWHTErpajia HMEET
CIEIYIOIINN BU:

b
judv:uv
a

b b
—jvdu,
a a
rae u=u(x), v=v(x)—HempepsIBHO MU hepeHIIpyeMble Ha oTpeske [a,b] hyHKmm.
Dopmyna 3amenvl nepemeHHol s OTIPeIeIeHHBIX HHTETPAIOB:

[ 10 dx= o] o0)

a a

rie X =g(t)-MoHOTOHHas HempepsiBHO auddepeHuupyeMas Ha OTpeske |[a, ]
byukIwms, mpuueM gla)=a, ¢@(B)=b.

b B
Ananormano [ f(y(x)-y'(9dx= [ fudu | .w(@)=apb)=4.

e
Ilpumep. BeIauCnnTh HHTErpAI Iln X dx.
1

Pewenue.  Bocnonb3zyemMcs  METOOOM  HMHTETPUPOBAHMS IO YACTIM.
u=Inx, dv=dx,
dx =Inx-x
du=—, v=x
X

e e

=lne-e—-Inl1-x

e X —e—e+l=1,
X

jlnx dx =
1

- C— D

1
Omeem: Iln X dx =1.
1

7.TeoMeTpUYecKHE NPUITOKEHUS OTIPe/ieIeHHBIX HHTErPaJioB: MJI0MAAb (PUryphl,
00beM TeJla, MJI0IA/Ib NOBEPXHOCTH BpallleHusl
Buviuucnenue nnowaou nnockoii gpuzypel
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IInowaow 6 npamoy2onbhbix KOOPOUHAMAX

4 Ecin KPUBOJIMHEWHAS Tpaneuus
orpaHMyYeHa KpuUBOM y= f(x)>0, oTpe3Kamu
/ﬁ npsAMBIX X=a, X=b u orpe3kom [a,b] ocu Ox

(puc. 2), TO e¢ IUIOIMIAah BBIYUCISICTCS IO
o bopmyie

S=|f(x)dx.

D ey T

[Tnomans GUrypsl, OrpaHUYCHHON ABYMSI
kpuBbiMH y=f(x) u y=f,(x) (f,(x)<f,(x) mu
OTpe3KaMu TpsIMBIX X=a, Xx=b (puc. 40),
HaxouTcs 1o popmyie

v

N\
‘k

b
y=1 S = [(f,(x)- £,(2)) dx.
Puc. Bviuucnenue o6vema mena u niowaou

NnOGEepPXHOCHMU 6PAULEHUA
IIycTs MIomank CeYeHHs Tela IIOCKOCTBIO MepleHaNKyIsapHoii ocu Ox pasHaS(X),

Torma O0bEM YacTH Tela, 3aKIIUCHHOW MEXIy IUIOCKOCTIMH X=a U x=b (a<b),
BBIPAXKAETCSI HHTETPAJIOM

t V:is(x)dx.

B wuwactHOCTH, 00BEM TeEnma BpaILICHHS,
y=£ MOJTy4aeMOoT0 BpalleHueM BOKpYT ocu OX 1yru
riaagkoi kpuBod Y= f(x), (f(x)>0), a<x<b
(puc.3), BeruuciseTcs mo popmyre

\
—~

i
o

b b
> V,, =7rJ- yzdx=7r.[[f(x)]2dx,

S [momane TMOBEPXHOCTH TOrO K€ Tena
BpAIIEHUS BBIPAKAECTCS HHTETPAJIOM

/
P/

b
Soy =27 £(x) {1+ (Ffdx.

Puc

Jugpghepenyuanvusvie ypasnenusn

8. O0bikHOBeHHbIE NU(depeHIATbHbIE YPABHEHNUSI NepBoro nopsiaka. Oommue
MOHATHSA

Juggepenyuanvnovim  ypaéuenuem — Ha3bIBa€TCA  YpPaBHEHHE,  CBS3BIBAIOIIEE
HE3aBUCUMBIC TIEPEMEHHbBIC, MX (DYHKIIMIO ¥ TpPOW3BOAHBIE Wi auddepeHnnans Toi
¢dbyukiuu. Eciu He3aBucuMasi mnepemMeHHas ojaHa, TO auddepeHnuanbHOe ypaBHEHUE
Ha3bIBACTCS 0ObIKHOBEHHBIM.
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llopsiokom  nuddepeHInanbHOro ypaBHEHUS Ha3bIBAETCA TMOPAJOK  CcTapiuei
POU3BOIHON HEU3BECTHOM (PYHKIMU, BXOAIIEH B 3TO YpaBHEHUE.
Tak, Hanpumep, x°y”+3xy" =y’ —00bIkHOBeHHOE au(D(HEepeHIINANTBHOE YpaBHEHUEC

TPETHETO MOPAJKA, TOCKOJIbKY HEU3BECTHAsA (DYHKIUS Y 3aBHCHUT OT OJIHOM IIEPEMEHHOH X, a
e€ crapiias IPOU3BOIHAsL, BXOIAIAs B YPaBHEHUE, Y” — TPETHEr0 MOPsIKA.

OObIkHOBEHHOE U depeHnanbHOe ypaBHEHNUE NIEPBOr0 MOPSAKAa UMEET BUJ:
F(x,y,y)=0. B pa3pelieHHOM OTHOCHTEIBHO Y BHJIE OHO MOXET OBITh 3alHCAHO TaK:
y'=f(xy).

Pewenuem muddepeHIMaTB HOTO ypaBHEHHS NEPBOrO MOPSAKAa HA3bIBACTCA Takas
nupdepenipyemas GyHKIUS y = (x), KOTOpas MpHU MOJACTAHOBKE B ypPaBHEHHE BMECTO

HEM3BEeCTHOW (QYHKIMU oOpamaer ero B TOXIeCTBO. lIpomecc HaxXOXIEHHUS pemIeHui
muddepeHIaTbHOT0  YPaBHEHHUST HA3BIBACTCS UHMe2pUuposanuem oughpepenyuaibHoco
VPAaBHEeHUs!.

Obwum pewtenuem TUGPEPEHIINATBLHOTO YpPaBHEHHS IMEpBOro mopsaka y = f(x,y)

Ha3bIBaeTCst PyHKIUSA Y = ¢(x,C), KOTOpast IPH JIFOOOM TOITYCTHMOM 3HAUYECHHUH IPOU3BOJIBHOM
noctosiHHOU C sBisieTcsl pelIeHneM JAaHHOTO YpaBHEHUS.

Besikoe pemenne Yy = olx,C, ), noJrydaromieecss M3 OOIIero Mmpu KOHKPETHOM
3HaYEHUH NMPOU3BOJIbHOM MOCTOAHHOMN C =C,, Ha3bIBACTCS YACMHBIM PEUleHUEM.

Ecnu obiiiee pereHre HaXOaUTCS B HESIBHOM Bujae ®(x,y,C)=0, TO OHO Ha3bIBAETCS
TaKKE€ 00WUM UHMESPANOM. AHAJIOTUYHO, €CJIM YACTHOE PEILICHUE HAXOAUTCS B HESIBHOM BUJIE
®(x,y,C,)=0, TO OHO Ha3BIBACTCS TAKIKE YACHHbIM UHMESPALOM.

3amaua, B KOTOpOW TpeOyeTcs HaWTH YacTHOE pelleHWe ypaBHEHus Yy = f(x,y),
YJI0BJIETBOPSIOIIIEE HAYAIBHOMY YCIIOBUIO Y(X, )= Y, , Ha3bIBaeTCs 3adaueti Koww.

I'paduk BCAKOTO pemieHus y=g(x) AuGPepeHIManbHOr0 ypaBHEHHS Ha3bIBaCTCs
UHmMe2panbHoU  Kpusou  3TOro  ypaBHeHusa.  OOmeMy  pelieHuro y=(x,C)

augdepeHInaIbHOro YpaBHEHH IEPBOIO MOPsIIKa COOTBETCTBYET CEMENCTBO MHTET PAIbHbBIX
KPUBBIX, 3aBUCAIIEE OT OJHOTO Mapamerpa — MPOU3BOJBHONW MOCTOsHHOW C, a yacTHOMY
PEIIEHNIO, YIOBIETBOPAIONIEMY HAYalbHOMY YCIOBUIO Y(X,)=Y,, — OJHA KPUBAas ITOTO
CeMENCTBA, MPOXOAIIAs YEPES 3aMaHHYI0 TOUKY M, (X,; Y, )-

Bcerpeuarores nuddepenimanbabie ypaBHEHHS, UMEIOIINE TaKUE PEIICHUs, KOTOPbIE HE
MOJIy4aroTCs M3 OOILIEro HU MpU KaKUX 3HAYEHUSIX MPOU3BOJIBHOW MOCTOSHHOW (BKJIIOUAs
C=2w0). Takue perieHus: Ha3bIBAOTCS 0coObimu. 'padurom ocoboro pemieHus, eciau OHO
CYIIIECTBYET, SIBJISICTCS OTrMOarolias CeMeWCcTBa WHTErPalbHBIX KPUBBIX, TO €CTh JIMHUS,
KOTOpAasi B KAXKJ0M CBOEH TOUYKE KAacaeTcCs, 10 MEHBIIEN Mepe, OJHOM MHTETPAIIBHON KPUBOMU.

9. uddepeHunanbHble ypaBHEHHS ¢ Pa31eIsIIOIMMUCS MepeMeHHbIMH

Hubdepennmanproe ypasHenue Buma: M, (x)N,(y) dx+ M, (x)N,(y)dy =0,

rae M, (x), M,(x), N,(y), N,(y)-3amanabie (QyHKIIUM, Ha3bIBACTCS YPAGHEHUEM C
PA30enqouUMUCS NePeMEHHbIMU.

Memoo pewenus: pazaenuB o0e yacTu ypaBHeHUst Ha M, (x), N,(y), (mpeamoaras,

910 M,(x)#0 u N,(y)#0) ¥ NPOMHTErPHUPOBAB, MOJIYINM OOIIUN HHTETPaa MCXOIHOTO

Ml(x) X+ Nz(y)
w00 2 NG

YpaBHEHUA: I dy=C.
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3amevanue. Ecmu ypaBHeHus M,(x)=0 u N,(y)=0 HMEIOT pEHICHHS, TO 3TH
pelIeHuss MOTYT OBITh TAKXKE W PEIICHUAMH 33JaHHOTO JU(PPEePEHIMATEHOTO YPABHEHUS C
Pa3ICISIONMMHUCS IEPEMEHHBIMU. JTH PEIICHHST MOTYT OKa3aThCsl OCOOBIMHU.

10. OnHopoanbie qupdepeHnuaIbHbIE YPABHEHHS IEPBOTO MOPSIKA

DOyHKIUS IBYX IEPEMEHHBIX f (X, y) Ha3bIBACTCS 00HOPOOHOU (hyHKyuell N—20 NOPIOKa
(Wi N—20 uzmepenus), €CIM Ui JTFOO00TO A BBINONHSIETCS paBeHCTBO: (X, Ay)=A"- f(X,y),

Tak, wampumep, ¢yHkims f(x,y)=3x>—y? —OJIHOPOAHAS BTOPOTO TOPSIKA,

MTOCKOJIBKY JJIs1 TF00Or0 A BEPHO COOTHOIIECHHE:

£ (%, Ay) = 3(Ax)? = (Ay)? = 22 -(3x2 —y2)= 2> - f(x, ).

A byuknus f(x,y)= X(X—er) — OJTHOPOJIHAS HYJICBOTO MOPSI/IKA, TAK KaK JUIS JII000T0 A
y
BBITIOJTHSACTCS CIIEAYIOIIEEe PABEHCTRO:
2
£ (i, 2y) = X (/Ix;rﬁy) _A X(ZX;L y) _ x(Xer y) _ f(x.y).
(2y) Ay y

Hubdepennmanpoe ypaBaenue Buna: y' = f(x,y), rae f(x, y)— omHopoaHast GyHKIHsI
HYJICBOTO TOPSAKA, HA3bIBACTCA OOHOPOOHBLIM OupdepenyuanbHulM YPagHeHUeM Nepeoco
nopsoxa.

OnHOpoHOE ypaBHEHUE MOKET OBITH MPE0OpPa30BaHO K BUILY: Y = F[%} .

Memoo pewenus: OIHOPOAHOE YpPaBHEHUE IIPUBOJAMTCS K YPABHEHUIO C
Pa3NeNAIONMMECA TIEPEMEHHBIMI OTHOCHTENFHO HOBOHM HEM3BEeCTHOH (yHKmum U(X) ¢

ITOMOIIBIO MIOJICTAHOBKH: Y =U-X .

11. Jluneiinble quddepeHnuaIbHbIe YPABHEHHS NEPBOro MOPSAKA, YPaBHEHHUS
bepnyaian

Vpasrenne Buga y'+P(x)-y=Q(x), tme P(x) u Q(x)-3amaHnble QpyHKIME, THHEHHOE
OTHOCUTEJIbHO HEWU3BECTHOM (PYHKUMH Y M €€ NPOU3BOAHOM Y, HA3BIBACTCS JUHEUHbLIM

ougppepenyuanbHvim ypasHeHuem neposoco nopsoKda.

Memoo pewenus: C MOMOIIBIO 3aMEHBI Y =U-V, rae u(x), v(x)-IBe HOBBIC

HEM3BECTHBIC (DYHKINY, TMHEHHOE YPaBHEHUE MPEOOpa3yeTcs K BUY:
U-v+u-v+Px)-u-v=Q(x) wmmm u-[v'+P(x)-v]+u-v=Q(x)

U CBOJAWTCS K JBYM YPaBHEHHUSM C PA3JCISIOMIMMUCS MEPEMEHHBIMU OTHOCHTEIHHO
KaXX/10} U3 BCIIOMOTaTeIbHBIX QYHKIUNA U U V'

1) v+p(x)-v=0 u 2)u’-v=Q(x).

U3 mepBoro ypaBHeHHus ompenenserca ¢ynkmus V(x), mpu sTom B Kauecte V(X)
BEIOMpaeTCs Kakoe-Ti00 JacTHOE pellenre ypapHerus 1). 3aTem, moactasnss V(X) Bo BTopoe
ypaBHEHHe, HaX0AAT QYHKIMIO U(X), ITociIe 3Toro — obliee peleHre HCXOMHOTO JTHHEHHOTO
ypaBHEHHS Yy = u(x)-Vv(X).

3ameuanue. Hekotopbsle muddepeHaibHble ypaBHEHUS HEIMHEHHBIE OTHOCUTEIBHO
(GYHKIMU Y CTAHOBSITCS JIMHCWHBIMUA OTHOCHTEIBHO X, €CJIM IEPEMEHHBIC X U Y TIOMCHSTH
Mectamu. Hanpumep, ypaBHEHUE y = (2x + y3)- y' HE SIBIISETCS JIMHEHHBIM OTHOCUTEJIBHO Y , HO
OHO  JMHEWHO  OTHOCHTEIHHO X, ~Tak Kak  mpeoOpa3yercsi K  BUAY:
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y-dx = (2x+ y3)dy Sy xX-2x=y’=x 2. X y>.  Jlma  pemreHuss TaKMX ~ ypaBHEHHIA
y

IMPUMCHACTCA IIOACTAHOBKA X=U-V.

Ypaeuenue bepunynnu

HuddepennunanpHoe ypaBHeHue Buaa Yy + P(x)-y =Q(x)-y™, rae P(x), Q(x)—3amaHHbie
byukiun, a m=0 u M1, Ha3pIBaeTCs ypasHenuem bepnyinu. 3aMeTM, 94TO 3TO YpaBHEHHE
OTJINYAETCSI OT JIMHEHHOTO YpaBHEHUsI JIMIIb MHOXHTEIEM Y™ B IMPABOW YaCTH.

IIpu m=0 ypaBHeHue bepHysum npeBpaTHiIoCh Obl B IMHEHMHOE YpaBHEHHE, a Ipyu M =1
OHO CTaJI0 OBl YPaBHEHUEM C Pa3/ICIIIOIINMUCS IEPEMEHHBIMH.

Memoo pewenus: METON pPEIICHUS ypaBHEHWS BepHYIUIM aHATOTMYEH METOMY
pereHus JTHHEHHOTO ypaBHeHHs. C MOMOINIBIO TMOACTAHOBKUA Y =U-V, rae u(x), v(x)—aBe
HOBBbIE HEU3BECTHBIE (D)YHKIIUHU, OHO ITPeodpa3yeTcs K BUIY:

u-[v'+P(x)-v]+u"-v=Q(x)-u™-v™",
3aT€M CBOJUTCS K JIBYM YPABHEHHSM C Pa3IeSIOMIMMUCS TIEPEMCHHBIMHE:
1) V'+P(x)-v=0 u 2) u'=Q(x)-u™-v™,

12. OObIkHOBeHHBbIe Au(pdepeHnaIbHbIe YPAaBHEHHsI BBICHIMX IOPSIIKOB,
OCHOBHbIE MOHSITHS

VYpaBHeHue  BuIa F(x, A A y(“))zo Ha3bIBaCTCAd  OughghepenyuanvHuim
ypasuenuem N—20 nopsoka. Pewenuem TaKoro ypaBHEHHs CIYXHT BCiIKas N pa3
nuddepentmpyemast QyHKIUSA y = o(x), KoTopast oOpaIiaer JaHHOE YPAaBHEHUE B TOXKIECTBO.

HuddepennpanbHoe ypaBHEHUE N—T0 TOPSAKa MOXET ObITh 3alucaHO B BUJIE,
pa3pemeHHOM OTHOCHTENBHO cTapiuei mpoussomHoit y™ = f(x, y, v, y", ..., y™¥ ).

3aoaua Kowu nins Takoro auddepeHInanIbsHOr0 YpaBHEHHsT N—T0 MOPsIKa COCTOHT B
TOM, YTOOBI HAITH PEIICHNE, YIOBICTBOPSIOIICE HAUWTIbHBIM VCIOBUSIM.

V(%)= Yo, Vix) =Yoo Viny =y,

Tae  Xo Yoo Yor..-» YV —3amaHHbIe YnCIA.

B oTauune OT ypaBHEHHWs MEPBOrO IMMOPsAKa 31eCh TMPH 3aJaHHOM 3HAYCHUH
HE3aBUCHMOM MTEPEMEHHOM 3a1aeTCsl 3HAUCHUE HE TOJIBKO (DYHKITUH, HO M €€ MTPOU3BOIHBIX 10
HOPSIIKA Ha €AUHKILY HIKE, Y4EM MOPSAIOK TU(PEPEHIINATBLHOIO YPaBHEHHS.

®yukius  y=¢(x,C,C,,...,C,) Ha3blBaCTCA O0OWUM  peuweHueM  YPAGHEHUs.

y = f(x, v, Y, ...,y ), €CJIM TIPH COOTBETCTBYIOIIEM BHIOOPE MPOU3BOJBHBIX MOCTOSHHBIX
C,,C,,...,C, ata (pyHkuus oOpamiaercs B pemienue to0oi 3anaun Komm, nocraBieHHON s
JTAHHOTO ypaBHEHUSI.

Bcsikoe perienne, moirygyaeMoe U3 00IIEeTro MpYU KOHKPETHBIX 3HAYCHUSX MPOU3BOIBHBIX
nocrosanbix C;, C,...,C), HaswbBaeTCs uacmmuwvim peuwienuem 3T0ro g epeHInanTsHOro
ypaBHEHUS.

Ecnu oOmiee pemieHue ypaBHEHHS] N—TO TOpSJAKAa HAXOAUTCS B HESIBHOM BHJIC
CD(x, y, C, Cz,...,Cn)=O, TO OHO HAa3bIBACTCS 0OWUM UHMeE2PANOM IAHHOTO YpaBHEHUS.
AHaJTOTMYHO, €CJTM YACTHOE PEIICHUE HAXOIUTCS B HESIBHOM Buae P (x, Y, Cf , CS C,?): 0,
TO OHO HA3bIBACTCS YACMHbIM UHIMESPATIOM.

WNuterpupoBanue nuddepeHiraibHbIX YPaBHEHUH N—T0 MOpsIKa B KOHEYHOM BHJIC
yIaeTcs TPOU3BECTH TOJBKO B HEKOTOPBIX YACTHBIX Ciydasx JHMOO MpH TOMOIIU
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CHEelUaIbHBIX CIOCOOOB, MPUMEHSIEMBIX HEMOCPEACTBEHHO K JAHHOMY YpaBHEHHIO, JIMOO
IPEABAPUTEIBHBIM TOHUKEHUEM NOPSIKA YPABHEHHUS.
13. InddepennuaibHbie ypaBHEHMs], JONYCKAIONIHE MOHMKEHUE MOPSI/IKA
Vpasnenus euoa y" = f(x)
O6mee PELICHUE TAKOTO YPABHEHUSI HAXOAUTCS N —KPATHBIM MHTETPUPOBAHUEM:

= f(x),

jf x)dx+C, = f,(x)+C,,

I X)+C,|dx = j x)dx+C,x+C, = f,(x)+C,x+C,,

y=f (X)+Cx""+C,x"?+...C_,x+C,.

14. JIuneiinbie ogHOpPoAHbIE MU PepeHIIHATbHbIE YPABHEHHS BICHIHX MOPSAIKOB
Jluneiinoiv  oughghepenyuanvuvim  ypasnenuem n— 20 nopAOKa Ha3bIBACTCS
ypaBHEHHUE BUJA:

y™W +a,(x)y"V +a,(x)y"? +.. +a,,(x)y +a,(x)y = f(x).
Oyukimn a,(x), a,(x), ..., a,,(x) a,(x), f(x) HEMPepbIBHBI B HEKOTOPOM TIPOMENKYTKE
(a,b).
Ecnu mpaBast gacTh ypaBHeHHs f(X)He paBHa TOXIECTBEHHO Hymo mpH X <(a,b), To
OHO Ha3IBACTCS He0OHOPOOHbIM unelinbim ypasrenuem. Ecmn f(x)=0 mms Bcex x e(a,b), To
YPAaBHEHHE HA3bIBAETCS OOHOPOOHbIM JUHEUHbIM Yypashenuem. IIpy >TOM ypaBHEHHUE
Vra(x)-y"P+...+a,(x) y=0  HA3BIBAIOT  JuUHElUHbIM ~ OOHOPOOHBIM  YPAGHEHUEM,

COOMBEMCmMEYIOUWUM HeOOHOPOOHOMY YPABHEe U0 C TAKOH JKe JIeBOU YacThIO.

CrpykTypa 0o01Iero pemeHus: JUHEHHOTO OJHOPOAHOr0 AuddepeHInanIbHOro
YPaBHEHHUSI ONIPEAEIACTCS CIAEAYIOLIEN TEOPEMOM.

Teopema. Ecmm  y,(x),y,(x),...y,(x) — dyHmameHTanbHas cucTeEMa pELICHUH

JUHEHHOTO OJHOPOJHOTO AU (PEepeHInanTbHOTO YpaBHEHUSI n — TO MOpsKa, TO (QyHKIUs
y=C,-y,(X)+C,-y,(x)+...C,y,(x) tme C,,C,,.,C, —pPOU3BOJILHBIE MOCTOSHHBIE, SBIAETCS

OOIIIUM PEIIeHUEM STOTO YPAaBHEHHUS.
Cucrema pentenuit y,(x),y,(x),...y,(x) HasbiBaeTcst hynoamenmanvhoi cucmemou

peuienuii, eclii 3Ta CUCTeMa SBIISETCA JNHHEHHO HesaBHUCHMOH mpu X €(a,b), To ects, oTa
CHUCTEMa yIOBJICTBOPSACT COOTHOIICHHUIO
oy, (X)+a,Y,(X)+...a,y, (x)=0mpu x € (a,b)
TOJILKO TIPH YCIIOBUH, YTO BcE KOA(D(MUITUEHTHI PaBHBI HYJIO o =, =...=a, =0.
JluneitHOE OJTHOPOIHOE I[I/Iq)(bepeﬂunanbﬂoe ypaBHeHI/I}I BUJIA:
+a1y +ay )+ .+a,y+a,y=0,
rae kKodpduIUeHTs a, a,, ..., &, &, — HEKOTOpbIe JIEUCTBUTEIbHbIE YHUCIA,

HA3BIBACTCS JIUHEUHbLIM OOHOPOOHLIM YpaeHeHueM N—20 NopsaodKka ¢ NOCMOSAHHbIMU
K03 puyuenmamu.
Jns HaxoxaeHus (pyHIAMEHTATbHOW CHUCTEMBI pEmIeHUH V,, Y,, ..., Y, JUHEHHOTO

OJTHOPOJHOTO MU PEepEeHITMATEHOTO YPABHEHHSI C TIOCTOSSHHBIMHU KO3 duIimeHTaMu, a 3aTem
Y JJIS TIOCTPOEHUS O0IIETo PEIIeHUs, COCTABIIOT XAPAKMepUCmuieckoe ypasHeHue
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2) k"+ak"t+ak"?+...+a,,k+a, =0,
D710 ypaBHEHUE ToiydaeTcs (HopManibHONW 3aMEHOW B MCXOAHOM muddepeHnmnaTbHOM
ypaBHeHMH Ipou3BoAHbIX Y™ (M=0,12,...,n) COOTBETCTBYIOIMMH cTeNeHAMU K™, Ipu 3TOM
cama QYHKIHsI Yy 3aMEHSETCS eIUHUIICH.

OOmee pemieHne JIHUHEWHOTO OJHOPOIHOTO U(p(EpPEHIINATBHOTO YpaBHEHHUS C
IIOCTOSIHHBIMU ~ KO3((UIIMEHTaMH CTPOUTCS B 3aBHCHMOCTH OT XapakTepa KOpHEH
XapaKTEPUCTHUECKOTO YpaBHEHHS. PacCMOTpHM METOIMKY TIOCTPOCHHMS OOIIET0 PEIICHUS JIJIS
ypaBHEHUS BTOPOT'O MOPSIIKA.

Jlnst mupdepeHIMAIBHOTO YPaBHEHUST BTOPOTO TOPSJIKA XapaKTePUCTUICCKUM CITYIKUT
KBaJIpaTHOC YpaBHEHHE. BO3MOKHEI CIICTyIOITUE TPU CUTYyaIUH:

1) KOpHHM XapaKTEPUCTUYECKOIO YPABHEHHS OCHCMEUMENbHble U DA3IUYHbLE
k,#k,, (D>0), Torma of0mee pemedre OyAeT UMETh  CIEAYIOIIUA  BHI:

y=C,e"* +C,e**:
2) KOpPHH XapaKTePHUCTUYCCKOTO YPABHEHUS OelcMmeUumebHble, HO pPAGHbIE
k; =k, =k, (D=0) , Toraa ob1ee pemeHne HCXOAHOTO YPaBHEHUS OYIET TaKUM:
y =C,e" + xC,e*;
3) KOpHH XapaKTEepHUCTHUECKOTO ypaBHEHUsS Komniekchole K, ,, =o £ i}, (D<0), rorma

o0l1iee peleHne CTPOUTCS ciieayromuM obpazom: Y =€ (C, cospx + C, sinpx).
15. JluneiiHble HeogHOpPOAHBbIe AW depeHINATIbHbIE YPABHEHHS BBICIINX
MOPSAIKOB, METO/I MOI00PA YACTHOTO PellleHHsI
OO1iee perieHue JIMHEWHOTO HEOAHOPOIHOTO AU((hEepeHInaIbHOr0 YPaBHEHHSI N — TO
nopsiaka y™ +a, (x)y"? +a,(x)y"? +...+a,,(x)y’ +a,(x)y = f(x) paBHO cymme Kakoro — 6o
€ro 4YacTHOTO pEHIeHHS Y H OOIIero pemieHHs Y, COOTBETCTBYIOLIETO OJHOPOIHOTO
ypaBHeHUs: Y =Y + Y, .CienoBarenbHo, s TOCTPOCHHS OOIEro PEelIeHHus TOTO YPaBHEHUS
HEO0O0XO0JIMMO HAaWTH KaKoe-TM0O0 YacTHOE €ro pelieHue (Mpearoaras y>ke U3BeCTHbIM 0011iee
peIIeHre COOTBETCTBYIOIIETO OTHOPOJHOTO YPaBHEHUS).
Memoo noobopa uacmmnozco pewenus (Memoo HeonpeodeneHHbIX KoIPOuyuenmos)
DTOT METOJ TPHUMEHHUM TOJBKO K JIMHCHHBIM YPaBHCHHSIM C ITOCTOSHHBIMH
K03 UITMEHTAMH U TOJIBKO B TOM CJIy4ae, KOT/Ia MpaBasi 4aCTh YPaBHEHUS UMEET CJIC Ty FOIITHIA
BU/I:
f(x)=e”-[P(x)cosx +Q, (x)sin&],
rjie Y U 8 — jeficTBUTENbHbIE Kcia, P (X) 1 Q,(X)— MHOrOYIEHBI OT X COOTBETCTBEHHO
|-t U m-u creneHei.
YacTHoe perieHne Y B 3TOM cilydae onpenessiercst GopMyIiou:
y(x)=x“-e”-[U (x) cossx +V,(x)sin&x].
31ech O paBHO MOKA3aTEN0 KPAaTHOCTU KOPHA y+id6 (WK, YTO OJHO U TO K€, Mapbl
KOMIUICKCHO-COMPSKCHHBIX ~ KOpHEH  y+id) B XapaKTEPUCTHYECKOM  YPaBHCHHHU
k" +ak"™ +a,k"? +...+a,_k+a, =0. Ecliu XapakTepUCTUUECKOE YPABHEHHE TAKOIO KOPHS HE
uMeeT, To cienayer moiaoxkuth oo=0. U (x) u V,(x)-monHsle (TO €CTh COAEpKAIIME BCE
CTCTIICHH X OT HyJIS JO S) MHOTOWICHBI OT X CTCICHH S C HEONpeAacICHHBIMA
kodurmentamu. CteneHp S paBHa HauOoJbIIeMy U3 yucen | u m.
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3ameuanue 1. Ecnu B BbipakeHne QyHKUuH f(x) BXOAMT TOJBKO OMHA M3 (YHKIMI
COSAX WM SiNdX, TO B pellieHne y(x) HY’KHO BCE PABHO BBOJHUTH 00€ 3TH (DYHKIIHH.
Heonpenenennbie kK03()(GUIMEHTH MHOTOYWICHOB, BXOJSIIUX B YacTHOE PEIICHUE,
HAXOJATCS M3 CHUCTEMbl JIMHCHHBIX  ajireOpamdeckux ypaBHEHHUH, IMOJIydaeMbIX
npupaBHUBaHUEM KO3()DUIIMEHTOB MOTOOHBIX YJICHOB B MPABOil U B JIEBOW YaCTAX UCXOIHOTO
JIMHEWHOTO HEOJHOPOJHOTO YPaBHEHHs IMOCIE MOJICTAaHOBKH B HEro y(x) BMecTo Y, ¥'(x)
BMECTO Y U T. 1.
3ameyanue 2. Ecnu npapasi 4acTh JUHEHHOTO HEOJHOPOAHOTO YPaBHEHUS €CTh CyMMa
HECKOJIbKUX (DYHKUUH paccMaTprUBaeMON CTPYKTYPHI
f(x)=f,(x)+ f,(x)+...+ T (x),
a y,(x), (i=12,...,m)—COOTBETCTBYIOIKE YACTHBIE PELIEHHS YPABHEHHIA:
y"ray™ray" s ra,y ray = fix),
10 cymma: Y(x)=¥,(x)+ V,(X)+...+ ¥ (X) sBIsSETCS YACTHBIM pPENICHHEM HCXOIHOTO
JIMHEIHOTO HEOJHOPOTHOTO YPABHEHHSI.
Yucnoewie psaowt

16. OcHoBHbIe noHsATHA. Heo0XoauMBblii Npu3HAK CXO0AUMOCTH
[TycTh 3aana 6eckoHeuHasi MOCIeI0BATEILHOCTh YUCEN @, &,,...,4a., ... BIpaxkeHue

a+a,+..+a, +..= Zan Ha3bIBACTCS YUCIOBLIM pPAOOM, & 4yucCia 8;,d,,33,... MPU ITOM
n=1

Ha3bIBAIOTCS WICHAMH psAa, a, — OOUIMM WICHOM psJia.
CyMMy nepBbIX N 4WICHOB Psijia HA3BIBAIOT N — O yacmuuHolU cymmou paoa
S,=a,+a,+a, +...a,.
Ecimm cymecTByeT KoHeuHbI# nipesienn S = limS, , To ero Ha3bIBaIOT CyMMOH psifia, a cam

psa HaselBalOT cxooswumca. Bcim liIMS, He cymectByer wimu GecKOHEYEH, TO Pl
n—o

HA3BIBACTCS pACX00SAUUMCS VI TOBOPST, UTO OH HE UMEET CYMMBI.
Heobxooumuviii npusnax cxooumocmu paoa: €Clv psin a, +a, +...+a, +... CXOAUTCS, TO

lima, =0. OTrcroga cineayer, 4To eciu Inim a, #0, TO psAx pacxoauTCs.
—00

n—o0

YKa3aHHBIN MPU3HAK HE SIBISECTCS JOCTATOUYHBIM, T. €. €ciu lima, =0, To 0 cxoaumocTu
n—w

psaaa HUYCTO HEJIb3A CKa3aThb. PSI)I MOXKCET KaK CXOJUTLCA, TAK U paCXOAUTBCA.

17. I[OCTaTO‘leIe NMPU3HAKHA CXOANMMOCTH YHUCJTOBBIX PAAOB € IMOJOKHUTEC/IBHBIMHA
YJICHAMH
HpuS’H(ZK CDABHEHUA

o0
Yuciaoson pAaa Zan HA3bIBACTCA 3HAKONOIAOMNCUMETBbHbIM, €CIN BCC €I'0 JJIEMCHTHI
n=1

ABJKOTCA  HCOTPpHULOATCIBbHBIMM  YHCJIaMH, T. €. CCJIIM BBIIIOJHACTCA HCPABCHCTBO
a, 20, n=12,....

HYCTB 3aJIaHbl JIBa pAAga ¢ HCOTPULATCIIbHBIMHU YJICHAMU

a+a,+..+ta, +..=> a,, b +b, +...+b, +...=> b,
=1 =1
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pUYeM, HaUMHAs C HEKOTOPOTo HOMepa N = N, , BBITIOJIHIETCS HepaBeHCTBO: 0<a, <b

Tornma cripaBeJIMBBI YTBEPKICHUS:

>  u3 CXOJUMOCTH «OONBIIETOY» psaaa Z bn CJICOYCT CXOOAUMOCTb «MCHBIICTO» psAda

n=1

2.3
n=1

» U3 PacXxOJUMOCTH «MEHBILIETO» psa Zan CJIeIyeT PACXOAUMOCTD «OOJIBLIEr0»
n=1

psana. b, .
n=1
Ipusnax cpaenenus 6 npedenvHoti popme

Eciu Y a, u D b, psjabl ¢ HEOTPULATEIHHBIMU YIEHAMH U CYLIECTBYET KOHEUYHBIH
n=1 n=1

. . a
OTJIMYHBIA OT HYJIS MNpEael: Ilmb—”=k>0 (t. e. a,~kb, mpu N—> ), T0o 06a psama wim
n—o0
n
OJIHOBPEMEHHO CXOSTCS, WJIU OJJHOBPEMEHHO PACXOSTCS.

3aMeYaHHuE: 015 UCNONb30BAHUS NPUSHAKOB CPABHEHUA HA NpAKMUKe NPUMEHAIOMCA
p}labl, 0 KOmopblx U36€CMHO, CX00SIMCA OHU UNU pacxodﬂmc;z. Hx nasviearom smaioHHbIMU.
DTalOHHBIEC P A OBl

o0

1. > " — 2eomempuueckasn npozpeccust
n=0
mpu |d|<1 cxommutes, mpu  |q|=1 pacxommres.

o0

2. >, n—lp —ps0 Qupuxne;

n=1
npu p>1 cxomurcs, npyu  P<1 pacxogurcs.
o o 1
OTMeTuM, YTO pACXOISIIIMNACI TAPMOHUYECKUN P ZH SIBJIIETCSL YACTHBIM CIIy4aem

n=1

pana dupuxiie npu p =1.

0 2

n“+5
IIpumep . VccnenoBaTh CXOUMOCTH psijia Zm , ACTIOJIb3Y S PU3HAK CPABHECHMUSI.
- +

n’+5
4n® +1°
Bocnonb3yemcs npu3HakoM CpaBHEHUs B MpenenbHoi dopme. st 5Toro B KauecTBe

Pewenue. OOmuii uneH 3a1aHHOTO psAAa UMEET BUJI: a, =

0 o 0 1
psma Y b, paccMOTPUM rapMOHHYECKHH Psil ZH :
n=1 n=1

2 3
Beruucium npenen: kzlimﬁzlim(n 3+5) n :Iimn :Sn =1¢0
el non(4n® +1)-1 o= 4n*4l 4

[ToCcKOIBKY TApMOHUYECKHN S PACXOAUTCS, TO U 3aJAHHBINA P TOKE PACXOAUTCS.

Ilpusnax /lanambepa
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HYCTB 3a1aH YHUCJIOBOM pAA € HCOTPUIATCIIbHBIMHA YJICHAMU & +a, +...+a, +.... Ecmu
.a
CYILIECTBYET IlmaL+l =1. Torga cpaBe MBI CIEAYIOIIME YTBEPKICHHUS:
n—o0
n
1) npu | <1 namubrii pSLI CXOOUTCS,
2) npu | >1 naunslif psaa pacxoaurces;

3) mpu | =1 Bompoc o cxoaumocTu psiga TpebyeT TOMOTHUTEILHOTO UCCIIEI0BAHNS.
I

!
IIpumep. ViccnenoBath CXOAUMOCTD Pslla ). — C MOMOIIBIO mpu3Haka Jlanambepa.

n:15_
I
Pewenue. B nannom cioyuae an:%, aM:%.
Taxk kak (n+1)=nl(n+1), momyyaem I = lim 2o = Iim(nH)!5 =1|imM:oo.

oo g n—o 5"+1n! 5 nswo n!

[Tockomnbky | =00>1, To 3a1aHHBIN PS PACXOIUTCS.

18. 3HakonepeMeHHbIe YUCI0BbIE PSIbI
ChopmynupyeM Tenepb MpU3HAKK CXOJUMOCTH PSOB, WIEHBI KOTOPHIX UMEIOT Pa3HbIe
3HAKH.

[Mpusnak JleiOHuIa: 3nakouepedyrowuiicss psad U —U, +U; —U, +..., 20e U, >0,
CXOOUMCS, eClu 8bINOJIHAIOMCSL Clledyroujue 08a YCloBUsL:
1) u>u,>u;>u,>...; 2) limu, =0.
N—o0

Cnedocmeue. npu 3ameHe CyMMbl 3HAKOUEPeOYIOULe20Cs paod, YO081emeopIouieco
yenosusam meopemul Jleubnuya, e2o N — ol 4acmu4Hol cymmou S =S, noepewHocms no
abconomHoll 8eUdUHe He NPesoCcXooum MoOVIs Nep8oco OMOPOULEHHO20 UleHa psod

IR, <Up,;.

Psin ¢ mpou3BOJIBHBIM YE€pEIOBAHMEM 3HAKOB €ro WieHoB U; + U, + U; +... cXoaurcs,
€CIIM CXOJIUTCA PAJl U3 MOJYJICH €r0 YIECHOB \ul\ + \uz\ + \u3\ +... . B aTOM cityyae ucxoaHbIn
3HAKOIEPEMEHHBIN PsiJl HA3bIBACTCSI AOCONOMHO CXOOAUSUMCHL.

o0
Cxopsmuiicss 3HAKONEPEMEHHBINA PsIJT Zun HA3bIBAETCS )YCIOBHO CXOOAWUMCS, ECIH
n=1

o0
psa Z\un\ pacxoauTcs.
n=1
19. ®yHKHMOHAJNBbHBIE PAdABbI
Psn ul(x)+ uz(x)+ u3(x)+...+ un(X)+...., 4jeHbl KOTOpPOro — (YHKIMH OT X,

HA3BIBACTCH YHKYUOHATbHBIM psioom. 1Ipn KaxxaoM (QUKCUPOBAHHOM X (DYHKIIMOHAIBHBIN
PSI IPEBPAILAETCS B YUCIIOBOW U OKa3bIBaeTCs JIMOO cXoAsummcst (a0COTIOTHO WIIH YCIOBHO
CXOASIIIUMCS ), THO0 pacxoasmmmMcst. COBOKYITHOCTh T€X X, TPH KOTOPHIX (PyHKITMOHATHHBIN
PSAIl CXOIUTCSI, HA3bIBACTCS 0baacmuvio cxodumocmu (PyHKIMOHAIBHOTO psjaa. Yaiie Bcero
00JacTh  CXOOUMOCTH TPENCTaBIsIeT COOOHW  KakoW-TO MpoMexxyTok ocu  OX.
OyHKIMOHAIBHBIN sl BUAA
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ay, +a,(X—Xp)+a,(x—Xg ) +...+a,(x—x, )" +...:ian(x— X, )"
n=0

HA3BIBACTCS CMeneHHuiM. 311eCh X, — MPOU3BOJIbHAS (PHKCHUpOBaHHAS TOYKa, a, —

JEHCTBUTEIILHBIC YHCTIa, UX HA3BIBAIOT KOA((UIIMEHTAMH CTETICHHOTO Ps/Ia.
ITpu X, =0 cremeHHo#M psix UMEET BUL:

o0
Ay +aX+a,X° +...+a X" +...=> ax"
n=0

OO0sacTh CXOAMMOCTH CTENEHHOTO psiAa MpeacTaBisieT cobol aub0 OTpe30K
[XO - R, Xy + R] a1b0 MHTEpBAI (XO -R, X, + R), 100 MOJYUHTEPBAN OJAHOTO U3 BHUJIOB

[XO - R, X, + R) 15R10 | (X0 - R, X, + R]. Yuciao R wmaseBaercss paduycom cxooumocmu
CTENIEHHOTO PsAJIa U HAXOUTCS TI0 OJHOU U3 PopMYyT

an

a

R=Ilim

N—o0

n+l

Cymma GyHKIIMOHAJIBHOTO Psijia MPEACTaBIsIeT cO00H (DYyHKITUIO, ONIPEICTICHHYIO B €T0
obnactu cxoaumocTu. [Ipo Hee TOBOPSAT, YTO OHA pa3jaraeTcsl B JaHHBIA (DYHKITMOHAIBHBIN
pan. CymMMa CTENEHHOIo psiia TpeacTaBisieT coOoi OeckoHeyHo auddepeHIupyemMyo
(GYHKIHMIO BHYTPU MHTEpBaia cXxoauMmocTu. [Ipudem kodppuimeHTsl psijga eIMHCTBEHHBIM
CIIOCOOOM BBIpAXKarOTCs Yepe3 Hee U €€ MPOU3BOHBIE.

f(x)= f(x(,)jty(x—X(J)jL%(x—xo)2 +ot

(n) o £(n)
+f—(X°)(x—x0)n +...=Zf—(X°)-

n! o N

Tako# psin Ha3wbIBalOT psidoom Teiinopa ¢hynxyuu f(X) :
[Tpu X, =0, B vacTHOCTH, psix Teinopa UMeEET CACIYFOIINN B

f(x)=f(0)+ 1”(O)x+ 1”(O)x2+...+wx”+ .=iw-x”

1 21 n! |

Psn Teiinopa ¢ neHTpoM pasnokerus X, =0 Ha3wBaIOT Takxke pssdom Makiopena.

[Mpusenem pasnoxkenus B psg Teimopa (Makiopena) npu X, =0 ocrosubix
INIEMEHMAPHBIX DYHKYUILL.

2 n
T L P A S, ST X (- 00 < X <o)
1 21 n!
3 5 2n+l
2. sinx=o -2 X (1)t xe(-w<x<w)
11 31 5l (2n+1)!
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2 4 6 2n

3. cosx:l—%+%—%+...+(—l)” (;(n)!+"' X (=00 < X <o)
4 In(1+x)—x—x—2+x—3— +(—1)“‘1X—n+ x e(-1,1]
. =X e 1.
t 3 X5 ( 1)n X2n+1 [ 11]
=X—-——+——...+(= Xe|—L,1].

S. arctgx = x 3 + c + 2n+1+ e
6 (L+x)" :1+1m'x+%l_l)x2+...+
] ' xe[-1,1] mpu m>0
+m(m—1)..6(lm—(n—l))xn+m

Otumu hopmynamMu yA0OHO MOIb30BATHCS AJISl Pa3I0KEHHs B CTETICHHBIE PsIIbI Oosee
CJIOXHBIX (DYHKIIHA.

20.1IpubdaukeHHBbIe BHIYHMCJIEHHUS € MOMOIID IO

CTENMEeHHBbIX PAJAOB

CreneHHbIe ps/ibl HAXOAAT IIMPOKOE MPUMEHEHUE B MPUOIMIKEHHBIX BBIUMCICHUSX.
[Ipu »>TOoM HCHONB3YIOTCS (OPMYJIBI  PA3NIOKEHHS] B CTENEHHBIE pAIbl OCHOBHBIX
AJIEMEHTAPHBIX (PYHKLINN, IPUBEICHHBIE B TyHKTE 2.

JIIst BBIYMCIICHUST TIPUOIMKEHHOTo 3HaueHust (yHkipn f (X) B €€ PAa3JIOKEHUU B

CTCIICHHOM psia COXpaHSIOTCA IMIEPBBIC N YICHOB, a OCTAJIbHBIC OT6paCLIBaI-OTCSI. Ecau
HCO6XOI[I/IMO OOCHUTDH IIOTPCHIHOCTH ITOJYUCHHOI'O HpI/I6JII/DK€HHOF O 3HA4YCHHUA, TO CICAYCT
OLCHUTL CYMMY OT6pOIHCHHBIX YJICHOB.

01
llpumep. BpraucauTh NPpUOTUKEHHO € " .

Pewenue. BocrionbzyeMcs pasiokeHneM GyHKIUM € B CTENEHHOMH psl

X x2 X3

e =1+—+—+—+
1 2t 3l

01
I[J'ISI BBIYMCJICHUA HpI/I6J'H/I)K€HHOI‘O 3HAYCHUA € BO3bMECM TPH IICPBLIX YJICHA

2 2
¢’ =1+ x+ 2 Tpn X=01 momyum: e°’l=1+o,1+(°§) ~11+0,005=0,105.

01 .
Htak, €~ ~0,105. OuenuBarh MOrpemIHOCTh BBIYMCICHUN HE OyaeM, MOCKOJBKY
TOYHOCTH BBIYHCIICHUN HE 3a/1aBaIaCh.
01
Omeem. €~ ~0,105,

OcHogevl meopuu éeposammuocmeit
21.Cayuvajinbie cOObITHS. BepoATHOCTDH CJAY4YalHOTO COOBITHHA

Cnyyaiinvim cobbimuem Ha3bIBAETCA TaKOE COOBITHE, KOTOPOE MOYKET NMPOU3OUTH WIIU
HE MPOU30UTHU B pe3yJibTaTe HEKOTOPOTO UCIbITaHUs. crbITaHueM MOXKET ObITh KaK Kakoe-
TO LEJICHANPABIICHHOE JCHUCTBUE YEJIOBEKA, TaK U SBJICHHUE, POUCXOALICE HE3aBUCUMO OT
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Hero. Cryudaiinple coObITHS 0003Ha4yaoT OonbiimMu JatuHckumu OykBamu A,B,C,....
PaccMoTpuM npuMepsl Cy4aiHbIX COOBITHIA:

1. Hacrynaer aeHb | uIOHS — UCHBITaHHE, IPUYEM OHO HE 3aBUCUT OT 4YelioBeKa. B
TE€YeHUe Bcero AHs | MroHs HaOroAaeTcs sicHasi Moroja — COObITHE.

2. TIpousBoauTCs pO3BITPHIIT HOMEPOB JoTepen «CopTiIoTo» — ucnbiTanue. [lepBeiM
JIOCTAIIH TI1ap ¢ HOMEPOM O — COOBITHE.

KaxgoMy ciydaiiHoMy cobbitmio A craButcs B coorBercTBue umcio P(A),

npuHagiexamee otpesky [0,1] u massBaemoe seposmuocmvio cobvimus A. Tlycts N—

YHCJIO BCEX BO3MOXKHBIX UCXOJ/IOB UCIIBITAHUS, @ M — YUCIIO TEX UCXO0JI0B, KOTOPHIE MPUBOISAT
K HACTYIUICHHIO coOBITHS A, TOr/a BeposSTHOCTB onpeensercs hopMyIoii.

p(A)=%, 0<p(A)<1

Takyr0 BEpOATHOCTb HA3bIBAIOT KIACCUUECKOU 6EPOSMHOCTbIO.

IIpumep. bpocatot urpajibHblii KyOUK, HA TPAHIX KOTOPOTrO HAHECEHBI TOUKAaMU Yucia
ot 1 no 6. Haiitu BEpOSITHOCTB TOTO, YTO BBINAJET I'PAHb C HEYETHBIM YHCIIOM.

Pewenue. B pe3ynbTaTe NpOBEICHHOTO UCTIBITAHUS MOXKET BBINACTH Jt00asi rpaHb, UX
BCETO LIECTh, CIIEJOBATENLHO, BO3MOYKHO HIECTh UcxomoB N=6

Ha Tpex rpansx kyOuka HaHeceHbl HEUETHbIE yncia 1, 3, 5. 3HaUUT YUCIO UCXOJIOB,
KOTOpPBIC MPUBOIAT K HACTYIICHUIO COOBITHSI A, TO €CTh, K BBIITAJCHHUIO TPAHU C HEYETHBIM

ypcioM — Tpu M =3. [ony4yaem p(A)= % = g = % :
Omeem: p(A)= % .

dopMmyIia KIacCHYEeCKOM BEPOSATHOCTH MPEANOIaraeT KOHEYHOE YUCIIO UCXOI0B N, HO
OBIBAIOT TaKWE UCIIBITAHUS, KOTJIa YUCIIO UCXOJ0B OECKOHEUHO.
ITycte F — Hexoropas mnockas durypa, conepxkaruas purypy f .

F

B ¢urypy F mayran 6pocaercs rouka. [Tockonsky purypa F comepxut 6eckoneuroe
MHOECTBO TOYEK, TO YHCJIO MCXOJIOB TAaKOT'O MUCIBITAaHUS Takke OeckoHeyHo. PaccmoTpum
coobiTie A, KOTOpOE COCTOMT B TOM, 4TO OpolleHHas To4ka momaxer B ¢urypy f .

BeposiITHOCTE TaKOTO COOBITHS HA3BIBACTCS 2€0MEMPUYECKOU 8EPOSMHOCTbIO U OTIPEICISCTCS
hopMmyIIOH.

St u Sg —mmomamu puryp f u F .
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['eomeTpuyeckass BEpOATHOCT, Ha TMPSIMOM M B TPEXMEPHOM IPOCTPAHCTBE
OMpENENsIeTCs aHaJOTMYHO, HO BMECTO IUIOLIAACH paccMaTpUBaIOTCA, COOTBETCTBEHHO,
JUTUHBI U OOBEMBI.

Ipumep. YenoBek cTpessieT B 1eb, IPEICTABISAIONIYIO CO00M KBaapaT CO CTOPOHOU

a=10 cm, B meHTp KOTOpOro BHMCaH Kpyr paamyca I = cM. Hantu BepoATHOCTH

e

MIOTIaJIaHUS B 3TOT KPYT.
Pewenue. B nannom ciydae purypa F —kBampar, a purypa f —kpyr. Beraucanm ux
25

TUTOTIIA T S, =S,; =a*=10% =100, S, =Sp=m’=x-—=25, [Tomrygaem
T

S 25 1

S, 100 4

1
Omeem: p(A)=Z.
CoObITHE, KOTOPOE 00A3aTEILHO HACTYIMT B PE3YJILTATE HCILITAHMS, HA3bIBAETCH
docmosepuvim, ero BeposiTHocTh paBHa equnmue P(A)=1. CobbiTHe, KOTOPOE HE MOXKET

MIPOU30OUTH B PE3YJIbTATE MCIBITAHUS, HA3BIBACTCS HEBO3MOMNCHBIM, €TI0 BEPOSTHOCTh paBHA
nymo P(A)=0.PaccMOTpHM IPUMEPbI TAKUX COOBITHIA.

1. B ypHe 8 miapoB kpacHoro nsera. Beinymu Hayran ogua. CoObitre A : BBIHYTHIM
iap KpacHoro LBeTa. DTO COOBITHE JOCTOBEPHOE, TaK KAK KaKoW Obl M3 BOCBMH IIAPOB HE
nocTanm — oH 6yneT kpacHsM, P(A)=1,

2. B ypre 8 mapoB kpacHoro rgera. Beinyu Hayrag omud. Co6sitie A : BBIHYTHIH
map Oenblid. DTO COOBITUE HEBO3MOYKHOE, MOCKOJIbKY HHU OAWMH M3 BOCbMHU BO3MOXHBIX
UCXOJ0B HE MOXKET IPUBECTU K COObITUIO A | p(A) =0.

22.CymMma 1 nipou3Be/ieHNne CJAYyYalHbIX COOBITHIT

IIyctb A u B —cnyuyaiinele cOOBITHS, KOTOpPBIE MOI'YT MPOM30MTH B peE3yjbTare
HekoToporo ucnbitanus. Cymmou cobvimuti A uB HaseiBaercs coObiTHE, cocTosiee B
HACTYIJIEHUH XOTS ObI OJHOTO M3 3THX coObITHi. O603Hayaror A+ B |

IIpouseedenuem coboimui A u B Ha3bIBAETCA COOBITHE, COCTOSIIEE B
OJJHOBPEMEHHOM WJIX TIOCIIE0BATEILHOM HACTYIUIEHHH 060uX coObITHii. OGo3Hauaror A- B

CobbITHE, COCTOsIEE B HE HACTyIUleHMM A, HaspIBaeTcs  COOBITHEM,
npomuBononodcHoIM coObITHIO A 1 0603HauaeTcs A

CoObrrust A u B HaseiBaroTcs Hecosmecmmuvimu, €CM OHM HE MOTYT MPOM30MTH
OJTHOBPEMEHHO.

Co6bituss A u B wmaseiBarorcst neszasucumvimu, €Clid HACTYIUIEHHE OJHOIO M3 HHX
HUKAaK HE BIMUSIET HAa BEPOATHOCTh HACTYIICHUS APYToOro.

PaccmoTpum nipuMepbl CyMMBI M IPOU3BEICHUST COOBITHH.

1. B smuke mapsl Tpex IBETOB: 4 O€NbIX, 5 )KEeNAThIX U 7 3eneHbiX. JlocTaloT Hayran
omun. Cobeitie A : mocramu Oebiii map. Cobsitrie B : mocramu 3eienslii map.

Torna cymma cobbitit (A+ B): nocramu Genbiii wmm 3enenstii map. Cobbitus A u B

HECOBMECTHBI, OCKOJIBKY JOCTAIOT TOJILKO OAWH IIap.
[TpotuBonooxHoe coObITHEe A : 1ocTaan He OCIbIi map.
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2. JlBa cTpenka CTpEJstOT 10 OJTHOW U TOM e MuliieHu. CoObITHE A MIEPBBIN CTPEIIOK

nonan B eib. Cobwrrue B : BTOPOU CTPEJIOK IOl B 11€JIb.
Tornma cymma coObITHIA (A+ B): XOTsI ObI OJIUH M3 CTPEJIKOB ToNaj B 1eib. [Ipudyem B

3TOM TIpuMepe cobsitist A U B coBmecTHBI, OHM MOTYT MPOHM30#TH 00a.
[poussenenue codbituii (A- B): 06a cTpenka momnamm B ueib.

Cob6uitrie A- B mporusomnonoxuoe npousseneunio A-B Oyxer takum: HM oxuH U3
CTPEJIKOB HE MOl B LEb.

CobObrtust A u B B manHOM ciiydae He3aBHCHMBI, TaK KaK BEPOATHOCTH IMOMAIaHUS B
LEJIb OJTHUM CTPEJIKOM HE 3aBUCHUT OT MONAJAHUA B LIEb APYTUM CTPEIKOM.

PaccMoTpuM mpaBuiia BBIYMCIICHHS BEPOSITHOCTEW CIIOXKHBIX CIyYalHBIX COOBITHI
4yepe3 BEPOSTHOCTH JIEMEHTAPHBIX COOBITHH.

BeposTHOCTE CyMMBI COOBITHS ompeenseTcs: (hOpPMYJIIOi:

p(A+B)=p(A)+ p(B)-p(A-B)

Ecnu coobrtus A u B HecoBmecTHbl, TO 3Ta Qopmyna ympormaercs (Tak Kak

p(A-B)=0) u npuHuMaeT BH: p(A+B)=p(A)+ p(B)
BeposTHOCTH IIPOTHBOIIONOXKHOTO COOBITHS A  BEIUMCIAETCS II0 CIEIYIONIEMy
TpaBHIIY: p(A)=1- p(A)

BeposiTHOCT pou3BeieHus COOBITHI orpeaenseTcs: GopMyoi

p(A-B)=p(A)- p(B/A)=p(B)- p(A/B)

3necy P(B/A)-ycnosnas eeposmuocms cobmitus B mo ormomenmo x A. Dto

BEPOSTHOCTH COObITUS B , BEIUMCIIeHHAs B IpeanoioKeHun, uto A yike IPOU3OIILIO.
Ananoruuno, p(A/B)- yCJIOBHAs BEPOSITHOCTE COOBITHS A 110 OTHOIIEHHIO K COOBITHIO
B.

dopmyiia BEpOATHOCTH IMPOU3BEICHUS COOBITUI YITPOIIIACTCS B TOM ClIydae, KOT/1a 3TH

COOBITHSI HE3aBUCUMBI, B 3TOM CJIy4ae Ha UMEET BU]I: p(A-B)=p(A) p(B)

23.CnyvyaiiHble BeJHUYHHBI
Ecau kaxmoMy coObITHIO A W3 HEKOTOPOrO MHOMKECTBA COOBITHI COOTBETCTBYET
kakoe-T0 4ucio X(A), TO TOBOPAT, YTO Ha PacCMATPUBAEMOM MHOYKECTBE COOBITHIA

OIIpENENICHA CYYAUHAA 6ETUYUHA.

Hanpumep, co cinydaiiHON BEJIWYMHOW CBSI3aHO WCHBITaHUE OpPOCAHUS UTPATBLHOTO
KyOuKa, Tak Kak J000i MCXOJl MPUBOJUT K YHUCITY, N300pa)KEHHOMY Ha BbINaBUIEH BepxXHEH
IpaHu.

HcnbiTanue, CBA3aHHOE ¢ JOCTAaBAHUEM LIAPHUKA U3 YPHBI, B KOTOPOM HAXOIATCS LIapbl
pa3sHbIX IBETOB, HE CBA3aHO HMU C KakoW ciy4yaiHou BenuunHOW. Ho ecim mapsl
IIEPEHYMEPOBATh, KaK MPHU PO3BITPHIIIE HOMEPOB UrPbl «CIIOPTIOTO», TO TAKKE MOTYUUTCS
CIIy4aiHasi BEJIMYMHA.

CryyaiiHple BEIWYMHBI NPUHATO 00O03HauaTh Oonbmmmu OykBamm XY ,..., a

IMPUHUMACMbIC MU 3HAYCHH — COOTBCTCTBYIOIIIMMU MAJICHBKUMHA 6}’KBaMI/I X, Y,....
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Eciu 3HaveHus, KOTOpBIE MOKET MPHUHUMAThL ClydaiiHas BeianmdnHa X , 00pas3yroT
JMCKPETHBIN (KOHEUHBIN WJIM OECKOHEUHBIN) psit 9ucen Xi, Xy ,..., Xy ,..., TO caMa CiaydaitHas

BEJIMUMHA HA3bIBACTCS Ouckpemuou. Ecin Te 3HAYEHUs, KOTOPbIE MOKET MPUHUMATh
ciydaiiHast BenmupmHa X , 3alOJHSIOT IENbI KOHEYHBIM MM OSCKOHEYHBIA IPOMEKYTOK
(a,b) ocu OX , To ciyuaiinas BeMUNMHA HA3BIBAETCS HENPEPBLEHOLL.

[TonOpaceiBanue WrpoBOro KyOwWKa (KOCTH) CBSI3aHO C JUCKPETHOW CIydailHOMN
BEJIMYUHOU. 3HAUYCHUS, KOTOPhIE OHA MOXET NPUHUMATh, 00Pa3yrOT KOHEUHBIN TUCKPETHBII
psn uucen: 1,2,3,4,5,6.

Paccmompum npumep mnenpepwisnou ciayyaunou eeauuunsl. JKEHIIMHA BSDKET
IIEPCTSHBIE HOCKH, JUIS 3TOT0 OHA MCIOJb3yeT MOTOK HuTOK mmuHor 900 merpos. M3-3a
CUWJIBHOTO HATSHKEHUS HIEPCTSIHAs HUTh MHOTIa PBETCS, MPUYEM Pa3pbIB MOXKET MPOU30NTH
npu J1000# 1muHe HUTH. B 3TOM cilyyae MMeeT MEeCTO HelpephiBHAs CilydyaiiHas BETUYMHA,
ITOCKOJIBKY €€ BO3MO’KHBIE 3HaUEHUs (JIJIMHA OTOPBABILEKCA HUTH, CUATas OT Hayajga MOTKA)
3anonHAoT npomexyTok (0,500) ocu OX .

[IpaBuiio, yCTaHaBIMBAIOIIEE CBA3b MEXKAY BO3MOXKHBIMU 3HAYEHUSMH CIIy4YalHOU
BEJIMYMHBI U UX BEPOATHOCTSAMHU, HA3BIBACTCS 3AKOHOM pacnpeoeneHus CIy4aiuHol GeIUdUNbL.

3aKOH pacIpeneneHus TUCKPETHON CIIyYaliHOW BEJIUYUHBI, UMEIOIIEN KOHEYHOE YHCIIO
3HaYEHUH, 3a/1aeTCsl TAOJIUIIEH pactpeIeIeHUs CIeTYIONIEro BUA:

X; Xy X3 Xn

Pi Py P2 Pn

[Tpu 3TOM BBITIOJHSETCSA PaBEHCTBO [+ Py +...+ P, =1.

IIpumep. B iepBoM sIIMKE IIapbl C HOMEPAMHU OT OJIHOTO JI0 TPEX, BO BTOPOM — IIaphI
C HOMEpaMH OJIMH U JABa. JIoCTaloT Hayraj 1o OJIHOMY IIapy U3 KaKJOTO SIIUKa U CYATAIOT
CyMMY BBINTaBIIUX HOMEPOB. I[IoCTpOoUTh 3aK0H pacipe/ieneHrs, CTOJIOMKOBYIO THarpaMMy U
MOJINTOH CIyYaWHOW BEJIUYUHBI.

Pewenue. Halinem Bce YHMCIOBbIE 3HAYEHMS, KOTOpPbIE MOXET IPUHUMATH
paccMarpuBaemasi ciiydaiiHasi BeauurHa. [Ipeinosioxkum, 4To U3 IepBoro siuka J0CTalu map
¢ HomepoM 1. Torma BO3MOXKHBI JiBa BapUaHTa: U3 BTOPOTO SIIMKA TAKXKe JOCTAIM IIap C
HOMepoM 1, mubo map ¢ Homepom 2. Tlomywaem: X :1+1, 1+2.

Ecnu u3 nepBoro sinmka JoCTaiu map ¢ HOMEPOM 2, TO U3 BTOPOTO MOTJIM TOCTATh IIap

1160 ¢ HomepoM 1, mu6o ¢ HomepoM 2. [Tomyuaem ere nBa 3HAYSHUS CITyYailHOM BEIIMYUHBI
X:2+1, 2+2.

Ecnu u3 nepBoro siuyka BRITAILMIM IIap ¢ HOMEPOM 3, TO, AaHAJIOTUYHO paccyxiaas,
MOJIyYMM €lI€ JBa BO3MOXKHBIX BapHaHTa YHUCJIOBBIX 3HAYEHHUN CIIy4ailHOW BEIMYHUHBI

X:3+1, 3+2.

Urak, paccMarpuBaemasi ciiydaiiHas BEJIMYMHA MOXKET NPUHHAMATh LIECTh 3HAYCHUU
X:2, 3, 3, 4, 4, 5.

Cpenu miecTd 3Ha4YCHUN BCero 4 pasziMYHbIX. BBIYMCINM BEPOSATHOCTH KaXAOTO
3Ha4YeHUs 1Mo (GopMyJie KIACCUYECKOW BEPOATHOCTHU CIYYAHOTO COOBITUSI, YUUTHIBAS, UTO
BCETO IIECTh UCXO0/0B, N =6 . 3HaueHue X, =2 MPUHUMAETCS TOJIBKO B OJTHOM ClIy4ae, I03TOMY

1
Pi=5- 3HaueHHe X, =3 TPUHUMAETCS [Ba pas3a, MO3TOMY COOTBETCTBYIOIIAS €My
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. 3HaUeHUeE Xy = 4 TaKXe MOJIy4acTCsd B ABYX ClIydasaXx, CJICA0BATCIbHO,

Wl

2
BEPOATHOCTL P, = =
2 1 1
Ps==3- Uucno X, =5 BcTpedaeTcs JUIIb OAWH pa3, IOITOMY P, =5 Tabnuua (3akoH)
pacnpeneneHus: paccCMaTpUBAEMOM CIIy4aliHOW BEJIMYMHBI OyI€T UMETh CIAEAYOIIMIA BUI:

X 2 3 5

Pi

Wik |

1
6

ol
w|

24.OCHOBHbBIE XapPaKTePUCTUKH CJAYYAHHBIX BeJIHYUH

Mamemamuueckum odcuoanuem ITUCKPETHON CIy4allHOM BEJIMYMHBI HA3bIBACTCS
CyMMa MPOU3BEAECHUIN 3HAUEHUI CITy4YailiHOW BEIMYMHBI HA BEPOSITHOCTH 3TUX 3HAYEHUN

M (X)=X,p, + X, P, +...+ X, P,

WJIU B COKpAIlleHHOU popme

M<x>:gxipi

MaremaTnyeckoe OXHMAAHUE CIIyYalHOM BEJIMYMHBI XapaKTEPU3yeT CpEIHEE
O’KHMJIa€MO€ 3HAUCHUE, MPUHUMAEMOE CITy4YaiiHOU BEJIMUYMHON B OOJIBIINX CEPUSIX UCTIBITAHUM.

CiygailHple BEIWYMHBI C PAaBHbIMM MAaTEMAaTHYECKUMH OXUIAHUAMH MOTYT
CYILLIECTBEHHO OTJIMYAThCsS IO CTeNeHH Onm3octu K HeMy. [lokasateneM 3Tod Oin30CTH
CILY’KUT IUCIIEPCHSL.

Jlucnepcueri cydalilHON BEIMYMHBI HA3BIBAETCSI MATEMATHYECKOE OXKUJAHUE KBaJApaTa
OTKJIOHEHUS CIIy4alHOM BEJIMYUHBI OT €€ MATEMAaTUYECKOTO OKUAAHUS

D(X)=M[X-M(X)]?.

Ecian 0003HaunTh MaTeMaTUYECKOE OXHUAAHME CaMOM CIydyallHOM BEJIMYMHBI 4Yepe3

m = M(X), To momy4nm crnemyromye GOpMyIIsI IS BEIHCICHHS JucepcHu. JIis JUCKpeTHOH

n
CIIy4aillHOW BEJIMYHUHBI D(X)=>"p,(x —m)
i=1

Cpeonum KeaopamuyHvlM OMKIOHEHUeM CIyYaWHON BENMMYMHBI X  Ha3bIBAETCA

BEJIMYMHA aX:\/Di ).

Jlns qucniepcun CiiydyailHOW BETMYMHBI CIIpaBelinBa cieayomnias gopMmysa, Kotopas
yIpoInaeT BeluuciaeHus D(X)=M [(X)2 - mZJ: M [X 2]— m?, rie m=M(X).

MNEPEYEHb TEOPETUYECKHUX BOITPOCOB AJISA NOATI'OTOBKHU K
9K3AMEHY
[TonsiTHe HEOMpPEIEICHHOTO UHTETPAIA.
2. OCHOBHBIE CBOWMCTBA HEOINPEJCICHHOTO WHTErpaja, HCIOJIB3YIOMHUECs Mpu
HaXOXXJIEHUW WHTETPAJIOB.
Tabnuiia uHTErpaoB.
MeToa UHTETPUPOBAHUS 10 YACTSIM B HEOMIPEICIICHHOM WHTErpale.

=

B~ w
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Meron 3amMeHbI IEPEMEHHON B HEONPEIETICHHOM UHTETpalIe.

[ToHsiTHE M TEOMETPUUECKUI CMBICI ONPENIETICHHOTO UHTETpaia.

CBoiicTBa OIpeAeICeHHOr0 HHTErpaa.

®dopwmyina Herorona-Jleiouua.

. [IpumeHeHue onpeAeneHHOro HHTErpaia K BBIYUCICHHUIO TUIOHIaiel TUIOCKUX QUTYpP.

10 [IpumeHeHue onpeaeNeHHOT0 HHTErpaia K BHIYUCICHUIO 00beMa Tella BpaleHHs.

11.Tlonarue nudpepeHnnaibHOro ypaBHEHUS U €T0 MOpsIIKa.

12.TTonsiTuss OOIIETO M YAaCTHOTO pemieHud auddepeHIInaIbHOTO YPaBHEHUS TEPBOTO
MOPAIKA.

13.ITocranoBka 3agaun Ko mist mudepeHnuanbHoro ypaBHeHHsI IEPBOTO MOPsIIKA.

14 Meton  pemeHust  Aud@epeHIIMATBHOIO  YpaBHEHHS  TEPBOTO  MOpsJKa C
pa3leNAIOIMMUCS TIEPEMEHHBIMU.

15.0xn0poanoe nuddepeHnnanbHoe ypaBHEHHE MEPBOTO Mopsiika, MeTo ero pemeHus.

16.JIuneitHoe nuddepeHanbHoe ypaBHEHUE MEPBOTO MOPAJIKA, METOJ[ €ro perieHus.
Ypasuenue bepnyiuin.

17.Jlunelinoe  ogHOponHOE Aup@epeHInanbHOe ypaBHEHHWE BTOPOrO  MOPSJIKA.
[TocTpoenue ero o0IIEro pemeHus o KOPHAM XapaKTEPUCTUUECKOTO YPABHEHHUS.

18.ITocTanoBka 3amaun Ko miist auddepeHimaibHbIX ypaBHEHHN BTOPOTO TOPSIKA.

19.JluneitHoe  HeomHOpoaHOoe auddepeHnnaTbHOe YpaBHCHHE C  MMOCTOSTHHBIMH
ko3 urmentamu. CTpyKTypa ero oOLero pemeHus.

20.ITonsiTHE YMCIOBOTO psifa, YacTHYHAs CymMma, cymMma psijaa. [loHSATHE CXOAMMOCTH.
[ToHsITHE YMCIIOBOTO Psifa C MOJOKUTEIHHBIMU WICHAMH.

21.HeoOxoammoe yCI0BHE CXOAMMOCTH.

22 .Ilpusnak JlanamOepa cXOAMMOCTH YUCIIOBBIX PSAIOB C MOJOKUTEILHBIMHU YJICHAMHU.

23.I1pusnak Komm cxoauMOoCTH YUCIOBBIX PAIOB C MOJOKUTEIbHBIMU YWICHAMH.

24.11pu3Hak cpaBHEHUS JJIsI PSAIOB C TIOJIOKUTEIIbHBIMU YICHAMH.

25.3HaKornepeMeHHbIe YUCTIOBBIC Psbl. [I0HATHS aOCOMOTHON U YCIIOBHOM CXOAMMOCTH.

26.[TonsTre QYHKIIMOHATBLHOTO Psiia, 00J1aCTh CXOAUMOCTH. CTENEHHBIEC PSJIBI.

27.Pa3noxeHnre B CTEIIEHHBIE PSJIbI DJIEMEHTAPHBIX (DYHKITHA.

28.1IpuMeHeHHUs CTETICHHBIX PSIOB K MPUOIMKEHHBIM BEIYHCIICHUSIM.

29.ITonsiTe  ciydaiiHoro  coOwbits.  Kmaccuueckoe — ompeneneHue  BEPOSITHOCTH
ciryyaiiHOro coObITHs. CBOMCTBA BEPOSTHOCTH.

30.I'eomeTpuyeckast BEPOITHOCTb CIy4alHOTO COOBITHS.

31.CoBMecCTHBIE ¥ HECOBMECTHBIE COOBITHS. 3aBUCUMBIE U HE3aBUCHUMBIE COOBITHSI.

32.IIpousBenenue coObITUN. BepoaTHOCTh Mpou3BeACHUS (B ABYX CIIyYasx).

33.CymmMa coObiTuii. BeposTHOCTh CyMMBI COOBITHIA (B ABYX CIIyYasx).

34.Tlonarue cmydailHOM BeIMYHUHBIL. J[MCKpPETHBIC U HEMPEPHIBHBIE CITyYaiHbIC BETUYNHBI.

35.3akoH pacnpeereHus AUCKPETHON CITydailHOM BEIHMYUHBI.

36.MaTtemaTHueckoe OXXHJaHUE, IUCIEPCUS U CpeaHEee KBaJApaTHUeCKOe OTKJIOHEHHUE

JUCKPETHOM CIIy4YallHOM BEJINYMHBI.
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